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Abstract
It has been suggested that a polymer's macroscopic mechanical response to a general loading
case is governed by its ability to access various primary and secondary molecular mobili-
ties. Specifically, under conditions of high strain rate, restricted secondary molecular mo-
tions are thought to bring about enhanced stiffness and strength. In accordance with this
theory, an experimental protocol and associated analytical techniques were established to
better understand the rate- and temperature-dependent mechanical behavior of two exem-
plary amorphous polymers, PC and PMMA. The experiments included dynamic mechanical
thermal analysis (DMTA), as well as uniaxial compression tests over a wide range of strain
rates. In both cases, the polymer exhibited a distinct transition in the rate-dependent yield
behavior, under the same temperature/strain rate conditions as the observed viscoelastic
0-transition. Drawing off of previous research in the field of polymer mechanics, a new
continuum-level constitutive model framework is proposed to account for the contributions
of different molecular motions which become operational in different frequency/rate regimes.
This model is shown to capture well the unique rate-dependent yield behavior of PC and
PMMA, as well as the compressive stress-strain response under isothermal conditions.
Through the rest of the thesis, additional features are integrated into the model to al-
low for more accurate predictions of mechanical response under high-rate, impact loading.
Adiabatic conditions are captured by considering the heat evolved during dissipative plastic
deformation. The corresponding temperature rise predicted by the model is corroborated
by experimental measurements obtained via infra-red techniques during the split-Hopkinson
bar test. In conjunction with the implementation of adiabatic heating, the model's kine-
matic framework is altered in order to also capture the effects of thermal expansion. Finally,
drawing off of existing experimental data in the literature, the implementation of pressure-
dependence in the model is revised.
In the final portion of this thesis, the generality of the experimental and theoretical
methods is explored. The techniques are applied in the study of the rate-dependent me-
chanical behavior of a variety of polymer-based material systems, including a PC-POSS
nanocomposite, homopolymer PVC, a plasticized PVC, and a PC-triptycene co-polymer.
In every case, the methods garnered important insight into both macroscopic phenomena
and the molecular mechanisms of deformation resistance.
Thesis Supervisor: Mary C. Boyce
Title: Kendall Family Professor of Mechanical Engineering
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Preface
Amorphous polymers in their glassy state are used extensively in engineering applications
where they are expected to resist moderate- and high-rate impact. These applications span
both commercial and military interests, ranging from machine guards, eyeglasses and bus
windows to jet canopies and protective visors. The choice of amorphous, polymeric materials
for these applications has been made appealing by their relative low density, as well as the
transparency that is characteristic of amorphous homopolymers. Many amorphous polymers
have also shown an intrinsic ability to resist deformation and failure upon impact, though
the mechanisms behind this resistance have not been well understood. Optimization in the
design of polymeric components can only be done empirically, unless there exists an accurate
theoretical model which is predictive of the rate- and temperature-sensitive mechanical
behavior over a relevant range of processing and operating conditions. The ultimate goal
of this thesis research was to develop such a constitutive model for amorphous polymers,
targeting the large strain behavior under moderate- and high-rate deformation, but with
general capability to predict behaviors for a wide range of engineering applications.
This thesis research draws heavily upon previous work in the field of polymer mechanics
- experimentation, analysis, and constitutive modelling. Most notably, the dissertation
builds upon a Master's thesis presented by the author to the Department of Mechanical
Engineering two years prior (2004). In that thesis, a new constitutive model for amorphous,
glassy polymers was outlined, based on experimental observations over a wide range of strain
rates (10- 4 s- 1 to 5000 s-l). This model was shown to capture a distinct transition in the
rate-dependent yield behavior of both polycarbonate (PC) and poly(methyl methacrylate)
(PMMA) by accounting for restricted secondary molecular mobilities ("p-motions") under
conditions of low temperature and/or high strain rate. In Chapter 2 of the dissertation,
the work of this Master's thesis is described in-depth, including slight adjustments and
additions based on two years of hindsight. All necessary background information is given
in Chapter 1, which provides a thorough review of nearly 70 years of research into the
rate-dependent behavior of amorphous polymers. This introductory chapter touches upon
experimental techniques, macroscopic phenomena, molecular theory, as well as modelling
efforts, and shall help to put the work of this entire dissertation into context.
The ensuing chapters of the dissertation each address a different aspect of the mechani-
cal behavior of amorphous polymers which is not thoroughly considered - if considered at all
- by the constitutive model presented in Chapter 2. Chapter 3 is concerned with thermal
expansion, which can occur in the absence of mechanical loading or in conjunction with
adiabatic deformation. An experimental investigation into the temperature- and stretch-
dependent thermal expansion coefficient of PC and PMMA is presented, as well as a new
thermo-elasto-plastic framework for the constitutive model which has capability to capture
thermal expansion. In Chapter 4, the concepts of energy storage and dissipation during
polymer deformation are addressed, from both an experimental and a theoretical modelling
point of view. These effects have important ramifications especially at moderate and high
rates, where dissipated energy results in a temperature rise in the polymer. This tempera-
ture rise - as much as 1000 C under ballistic impact - can significantly reduce the flow stress
of the polymer and also drive thermal expansion. Finally, Chapter 5 deals with pressure
effects, which play an important role in the response of a polymeric structure under impact.
Pertinent data from the literature is presented as motivation for a revised treatment of the
effect of pressure on the initial elastic, yield and post-yield stress-strain behavior. These
additional complexities - thermal expansion, energy storage and dissipation, and pressure
effects - may not be significant in every engineering application. However, their treatment
described herein completes the constitutive model in satisfaction of the ultimate goal of the
thesis. The final proposed model, in its most complete and general form, is summarized in
Chapter 6.
In Chapters 2 through 6, the experimental data and model predictions presented are
limited to the behaviors of two exemplary amorphous polymers, PC and PMMA. In Chapter
7, the generality of the experimental and theoretical methods is explored. The experimental
protocol and theoretical framework, including the constitutive model, are extended to a vari-
ety of polymer-based material systems, including a PC-POSS nanocomposite, homopolymer
PVC, a plasticized PVC, and a PC-triptycene co-polymer. In each case, the methods of
this thesis garnered new insight in regards to the rate-dependent behavior of the material.
Together, these shorter studies demonstrate that the model framework and the methods
on which it is built are in fact transferable to the study of other polymeric materials, and
that in the future they shall provide an efficient means to evaluate new material systems
for impact applications.

Chapter 1
Introduction: Rate Dependence of
Amorphous Polymers
This dissertation is concerned mainly with the rate-dependent mechanical behavior of amor-
phous polymers, with a focus on predicting large strain behavior at very high rates of strain.
These amorphous materials are classified as such due to the lack of long-range order in their
microstructure; in the unstressed state, the polymer macromolecules are randomly oriented.
The chains interact with one another through weak van der Waals forces, and form a network
due to physical entanglements between chains. This disordered microscopic structure dic-
tates a mechanical response that is very much dependent on the rate at which the polymer
is deformed.
The stress-strain behavior of amorphous polymers has been well-documented. A rep-
resentative curve is given in figure 1-1; pictured is the true stress-true strain' behavior of
a polycarbonate (PC) in uniaxial compression at a constant true strain rate of 10- 3 s- 1 .
During the initial loading phase, the material exhibits nonlinear viscoelastic behavior; at
very small strains (< 0.03), the elastic behavior is linear. The elastic region is the result of
1The quantities of true stress and true strain provide an accurate measure of stress and strain in a
deformed material. While engineering stress is defined as the force divided by the initial area, true stress is
defined as the force divided by the current area; likewise, true strain is the integral of the change in material
length divided by the current material length. True stress (atrue) and true strain (E) can be approximated
from engineering stress (aeng) and engineering strain (e):
e = ln(1 + e)
Utrue = oeng(1 + e)
Thus, the greater the strain level, the larger the deviation between engineering measures of stress and strain
and true measures of stress and strain.
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Figure 1-1: True stress-true strain behavior of polycarbonate (PC) in uniaxial compression
at a strain rate of 10- 3 s- 1.
intermolecular interactions between chains (van der Waal forces), where the chain segments
partially and reversibly rotate and/or translate with respect to one another. As the stress
level increases, more localized regions develop within the bulk material where the stress is
large enough to overcome the secondary intermolecular forces and the chains rotate and/or
slide to a new position. At this point, the response becomes markedly non-linear as the
slope of the stress-strain curve decreases. Eventually, enough localized events have occurred
and percolated through the material such that the entire material yields in plastic (perma-
nent) deformation and "flows" without a further increase in stress. This relative maximum
in the stress-strain curve is recognized as the polymer's yield point.
Following yield, the material exhibits a phenomenon known as "strain softening", whereby
the stress needed to further deform the polymer decreases. The strain softening indicates
that the intermolecular barriers to chain segment rotation have decreased with plastic strain,
which implies that the plastic straining process produces local structural changes in the ma-
terial. These structural changes make local chain-segment rotation easier (i.e. chain rotation
can be produced with lower stress). As plastic deformation increases, the chain segment
rotations gradually evolve the network structure from an initial isotropic random configura-
tion to a molecularly-oriented network with chains preferentially aligned in the direction(s)
of maximum stretch. In a compression test, this corresponds to equi-biaxial alignment of
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Figure 1-2: True stress-true strain behavior of poly(methyl methacrylate) (PMMA) in uni-
axial compression at four true strain rates.
chains in the plane perpendicular to the compression axis. As the structure deviates from
its natural disordered state with increased plastic straining, the entropy of the polymer de-
creases. It is this entropic change - most significant once the molecular chains are stretched
and aligned and begin to approach their extension limit in the maximum stretch direction -
that causes strain hardening in amorphous polymers. In figure 1-1, the entropic hardening
effect is seen to dominate the stress-strain response at strains beyond ~25-30%.
The stress-strain behavior described above is strongly dependent upon strain rate. As
the strain rate is increased, both the initial elastic modulus and the stress level required for
plastic flow increase. As an example of this, the rate-dependent stress-strain behavior of
poly(methyl methacrylate) (PMMA) is given in figure 1-2. The yield strength of PMMA is
observed to increase by almost 100% over this range of strain rates, from very low (3x10 - 4
s- 1) to moderate (0.1, 0.3 s-l). Furthermore, the strain hardening effect appears to be
negligible at the higher rates. However, at these moderate strain rates the material is
thermally softening, as the thermodynamic condition of the test is no longer isothermal.
There is not sufficient time for all of the heat generated by plastic deformation to escape
to the environment, and consequently the temperature-sensitive polymer softens. This
observed transition - from an isothermal to an adiabatic test condition - is dictated by
the specific specimen geometry, the rate of deformation, the thermal properties of the
polymer, and the heat transfer properties of the surroundings. For the curves of figure 1-2,
the characteristic specimen length was N6.35 mm. As is evidenced here, the temperature
dependence of the mechanical behavior of amorphous polymers is very closely linked to the
strain rate dependence. This important feature of amorphous polymer behavior must be
carefully accounted for in any predictive model.
1.1 Early Theoretical Models
Perhaps the first model used to describe rate-dependent plastic flow in glassy, amorphous
polymers was developed from Eyring's general theory on activated rate processes (Eyring,
1936). Eyring's theory is considered a "transition state" theory; the idea is that one molecule
is transitioned from a particular state or potential energy well to another by overcoming an
energy barrier. Eyring's theory describes the rate at which this occurs, assuming that the
medium undergoing transition is heterogeneous and that there is some form of distribution
to this event throughout the material. When Eyring first presented his theory, he gave
examples of how it could be applied to the study of viscosity in liquids and gases, diffusion,
as well as plastic flow in glassy polymers. The theory makes no assumption about the specific
molecular mechanism behind the rate dependence of plasticity in polymers. It is recognized,
however, that shear stress is a driving force behind the unspecified activation process which
allows polymer chains to transition to a new, plastically deformed configuration. The theory
provides a model for the shear strain rate as a function of shear stress, as given below:
y--•yoexp - ) sinh ) (1.1)RT RT)
where ýYo is a frequency parameter, AH is the activation energy required for one transition,
Q7 is the activation volume2, and R is the universal gas constant. The variables in the model
are the shear strain rate Al, the shear stress T, and the absolute temperature T. Equation
1.1 may be rearranged, and simplified in this case3 , to give an equation for shear stress as
2More precisely, Q is the product of a local activation volume and a local shear strain, though the entire
term is often referred to as the activation volume [m3].
3The simplification comes from a physical understanding of the plastic flow event. Using the definition
of the hyperbolic sine, we re-write equation 1.1 as:
= - exp H + -ý expH -
2 RT 2 RT
a function of strain rate:
= A In (2Ci) + (1.2)1 RT
Note that the model predicts a linear relationship between shear yield stress and the loga-
rithm of shear strain rate.
Bauwens, Bauwens-Crowet, and Homes in Belgium were one of the first groups to thor-
oughly test the validity of the Eyring theory and its application to the rate dependence
of yield in amorphous polymer plasticity (Bauwens-Crowet, Bauwens, & Homes, 1969;
Bauwens, Bauwens-Crowet, & Homes, 1969). The large body of experimental data that
they obtained in tensile yield strength tests of PC and poly(vinyl chloride) (PVC) allowed
them to evaluate the Eyring model over one hundred twenty degrees in temperature (200 C
to 1400 C) and five decades of strain rate (10- 5 s- 1 to 1 s-1 ). The group re-wrote equation
1.2 in order to express the tensile yield stress ay in terms of the axial strain rate i:
S= A ln(2d) + k] (1.3)
where A and C are lumped parameters, differing in value from the A and C of equation 1.2;
Q is identical to AH. It is this equation that they fit to their experimental data on PC,
with nearly perfect agreement between model and experiment (figure 1-3). It is concluded,
then, that PC yield is controlled by just a single activated process, with constant activation
energy Q and activation volume 0, over the range of temperatures and strain rates tested.
For the PVC data, Bauwens et al. (1969) found similar agreement between the Eyring model
and their experimental results, but only within a region of low strain rates (10- 5 to 10-2
s-l).
Another widely-accepted model describing the rate-dependent plastic flow of glassy poly-
mers was developed by Robertson (1966). The Robertson model proposed a specific mecha-
nism for polymer yield: shear stresses induce structural changes within the polymer, and it
is these structural changes that allow the polymer to deform into a new molecular arrange-
ment. Robertson simplified the structure of a polymer chain down to a planar "zig-zag"
The first term may be considered the forward progress of the transition being modelled, since stress acts
against (opposite sign) the activation energy. The second term, which captures the reverse or backward
progress of the plastic transition, has been shown to be non-negligible in magnitude only in the cases of
unloading or low stresses. In the work of the different researchers presented here, the loading phase is the
topic of primary interest, and stresses in loading are often assumed to be sufficiently high so that the second
term may be disregarded. Simple manipulation of the remaining term leads to equation 1.2.
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PC data of figure 1-3
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Figure 1-3: Eyring yield stress model fit to the PC data of Bauwens-Crowet et al. (1969)
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with bond angles that transition between a low-energy, preferred state (called trans), and a
higher energy, flexed state (called cis). As the shear stress is increased in the polymer, the
fraction of bonds in the cis position increases, as compared to the unstressed, glassy state,
and overall material stiffness decreases. Eventually, at some transient state, the polymer
at temperature T will behave like a fluid at temperature T1 > Tg. Robertson developed an
analytical expression for this temperature T1 by assuming that the transition from trans to
cis states is a thermally-activated, distributed process, with activation energy given by the
empirical Williams-Landel-Ferry (WLF) equation (Ferry, 1961). Finally, Robertson gives
an analytical expression describing the flow of this "fluid" at temperature Ti:
- exp -2.303 ( - (1.4)
,7' ( 'g - - 4g % 
where 77g is the viscosity at the glass-transition temperature under shear stress 7 and c9 and
cg are parameters from the WLF equation.
Robertson compared his model with contemporary data on the tensile yield behavior of
polystyrene and PMMA at various quasi-static rates of strain. The results for PMMA are
given in figure 1-4. The model performs fairly well against this limited, high-temperature
and low strain rate data. Robertson attributes the slight discrepancies to the fact that
available data was not in the form of true yield stress, but only engineering yield stress.
Argon (1973) presented an alternate theory for the rate-dependent plastic flow of glassy
polymers. In Argon's theory, the main barrier resisting the thermally-activated molecular
movements that govern plasticity is intermolecular forces. Argon's vision of molecular-
level plastic deformation in glassy polymers is described as stress-induced alignment of
previously-kinked chains (figure 1-5). The theory is built upon analysis of the reverse prob-
lem: a molecular chain which transitions from aligned to kinked. By approximating the
molecular chain as an elastic cylinder, the free energy change associated with a singular
kinking event is calculated. In order to develop an expression for the macroscopic shear
strain rate, Argon considers not only this intramolecular activation barrier, but also the
stability of the new (kinked) configuration. The theory assumes that each chain only inter-
acts with its two closest neighbors, in the plane of kinking. To return to the ground state,
the kinked chain would need to either kink in the opposite direction, or cause one of its
neighboring chains to kink, thus relieving its stored elastic energy. It is here that the theory
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Figure 1-4: Comparison of Robertson model prediction and experimental data for the yield
stress of PMMA at strain rates of 1.04x10 - 4 s- 1, 5.21x10- 4 s- 1, and 2.51x10 - 3 s- 1
(Robertson, 1966)
weighs heavily upon the influence of intermolecular forces.
The final expression of Argon's model is given as the equation for shear strain rate, $.
Mathematically, it is almost identical to the rate equation for the Eyring model, assuming
only forward progress:
- 1kT
= youaNexp [- 2kT (1.5)
where 'yo is the unit increment of shear strain that results from the production of a pair of
kinks, va is a frequency term capturing the rate at which the kinking process occurs, and
Na is the volume density of activated states.4 The activation free energy AG is given as a
function of the shear stress r, the shear modulus M, and hydrostatic pressure p:
AG = 16(1 - 1 - 8.5(1 - + 0.15.a 3(w -W) (1.6)
where v is the Poisson ratio, and w and a are geometrical parameters of the kinked elastic
cylinder. Argon's model captured contemporary experimental findings, that the pressure
40Oftentimes, equation 1.5 is seen with yo, Va, and Na lumped into one, pre-exponential frequency pa-
rameter, ;'o (of units s-1).
Figure 1-5: Argon interpretation of molecular deformation as a result of stress: previously
kinked chains become aligned in the direction of straining. The reverse, and completely
analogous, description is also pictured - previously straight chains become kinked (Argon,
1973)
Argon model parameters for the PET data of figure 1-6
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Figure 1-6: Comparison of Argon model prediction and experimental data for the
temperature-dependent shear yield stress of polyethylene terephthalate at seven different
strain rates (Argon, 1973)
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dependence of the yield stress is paralleled by the pressure dependence of the shear mod-
ulus (Brown, 1971), and that the temperature dependence of the yield stress is related to
the temperature dependence of the shear modulus (Argon, Andrews, Godrick, & Whitney,
1968). Even without complete data on the pressure, temperature, and strain rate (fre-
quency) dependence of the shear modulus, Argon was able to fit his model quite well to
existing data on the rate- and temperature-dependent yield behavior of polyethylene tereph-
thalate (PET; figure 1-6) and polystyrene (PS; not pictured). This data covered both low
and high temperatures (-1230 C to 77 0C), and strain rates ranging from very low (10- 4 s - 1)
to medium (102 s-1).
All three theoretical models - the Eyring, the Robertson, and the Argon - proved capable
in their ability to predict contemporary data for the rate- and temperature-dependent yield
stress of various amorphous polymers. However, at the same time, yield data was beginning
to emerge in the literature which could not be captured any of these models. In most cases,
this data corresponded to studies including tests at low temperature and moderate to high
rates of deformation. Thus, starting in the 1960s, a more general modelling approach was
suggested, paving the way for new theory in regards to the intermolecular forces resisting
plastic deformation.
1.2 Influence of Secondary Transitions
1.2.1 Early Discovery
In the 1960s, two groups independently identified a transition in the nature of the rate-
dependent yield in amorphous polymers. This transition seemed to occur after exceeding
some material-dependent threshold in strain rate and/or temperature. Working in Bel-
gium, Bauwens, Bauwens-Crowet, and Homes (1964) showed for the first time what they
considered evidence of a "secondary transition" in the yield behavior of PMMA (figure 1-7).
Testing the yield strength of this amorphous polymer over a large range of displacement
rates (0.0625 mm/min to 31.4 mm/min, with a nominal gage length of 40 mm) and tem-
peratures (22 0 C to 100 0C), they found two distinct regions of behavior; these regions could
be separated by either temperature or strain rate. In either region, the data could be fit
with the original Eyring theory of viscosity - see the table adjoining figure 1-7. However,
material behavior over the entire set of data could not be captured with the single-process
explanation that the Eyring model provided.
At the Research Laboratories of the Rohm and Haas Company, Roetling (1965b) made
an identical discovery during his own investigations into the tensile yield behavior of PMMA.
Using an Instron-type universal testing machine, Roetling investigated the yield behavior of
PMMA at temperatures ranging from 30'C to 900 C, and strain rates ranging from 10- 5 s- 1
to almost 10 s- 1 . His results are summarized in figure 1-8. Like Bauwens, Roetling found
that the single-process Eyring theory was unable to fit his entire data set, as the PMMA
yield strength transitioned between two distinct regimes of rate sensitivity over the range
of temperatures/strain rates accessed in tension tests.
In later studies, Roetling and the Bauwens group documented the same type of yield
transition in the rate- and temperature-dependent data of a variety of amorphous poly-
mers: poly(ethyl methacrylate) (PEMA) (Roetling, 1965a), PVC (Bauwens et al., 1969),
and PC (Bauwens-Crowet, Bauwens, & Homes, 1972; Bauwens, 1972). In each case, the
temperature/strain rate location and distributed nature of the yield transition was found to
be unique. For PEMA, a sharp yield transition was identified at 10- 4 s- 1 (30 0C), beyond
which the material is twice as sensitive to changes in strain rate (figure 1-9). In PVC, the
transition is more gradual, and at room temperature is centered around 10-1 s- 1 (Bauwens
et al., 1969). For the case of PC, it was not possible to increase the strain rate enough
to observe a transition at room temperature (Bauwens-Crowet et al., 1969). However, a
distinct transition was observed in the temperature-dependent yield data, located at -80 0 C
(i _ 10- 3 s- 1) and shown in figure 1-10 (Bauwens-Crowet et al., 1972).
Ultimately, both Roetling and the Bauwens group would explain their experimental
findings in terms of the Ree-Eyring theory (Ree & Eyring, 1955, 1958). The Ree-Eyring
theory is essentially a modification, to a more general form, of the original Eyring theory
(1936). 5 The Ree-Eyring theory simply allows for multiple rate-activated processes to be
acting in tandem, rather than just a single activated process as in the Eyring theory. When
the associated model is expressed in terms of the polymer yield stress, as in equation 1.7,
5The modifications were conceived of and presented in the 1950s, but were not applied in the study of
polymer plasticity until the 1960s and 1970s.
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the PMMA data of figure 1-7
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Figure 1-7: Tensile yield strength of PMMA as a function of displacement rate and tem-
perature (Bauwens-Crowet & Hombs, 1964). The slanted line d indicates the location of
the supposed secondary transition - data on each side has been fit with the single-process
Eyring model. Displacement rates are as follows: v1 = 0.0625 mm/min, v2 = 0.25 mm/min,
v3 = 1.25 mm/min, V4 = 6.25 mm/min, and v5 = 31.4 mm/min. Specimen gage length for
all tests was 40 mm.
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the PMMA data of figure 1-8
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Figure 1-8: PMMA yield data by Roetling fit with the Ree-Eyring model (Roetling, 1965b)
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Figure 1-9: Poly(ethyl
(Roetling, 1965a)
methacrylate) yield data by Roetling fit with the Ree-Eyring model
Ree-Eyring model parameters for
the PC data of figure 1-10
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Figure 1-10: Temperature dependence of PC yield strength in both tension and compression.
All tests were performed at the same strain rate: 4.16 x 10- 3 s- 1. Data has been fit with
the Ree-Eyring model (Bauwens-Crowet et al., 1972).
it is clear how each "process" adds another component to the value of the yield stress:
S= sinh[-1 exp (1.7)T=Znp E )J
For practical use, Bauwens et al. (1969) developed a simplified two-process version of this
equation:
-y - + - A. ln(2 i) + + A sinh C[p exp (1.8)
In this case the approximation sinh-1(x) - ln(2x) (see footnote 2) is made on the first
term, because only the a-process is considered to be in a "high stress" state over the entire
range of interest. Under the framework of the Ree-Eyring theory, the "processes" of plastic
flow in amorphous polymers (labelled a, 0, 'y etc.) are often associated with particular
degrees of freedom of the the polymer chains. Nonetheless, the Ree-Eyring theory, like its
predecessor, makes no assumption in regards to the specific molecular mechanism(s) behind
the rate dependence of plasticity in polymers.
Roetling and Bauwens' group attempted to fill this gap in the theory with molecular-
level explanations of the observed macroscopic phenomena. Both essentially came to the
same conclusion (Bauwens-Crowet & Homes, 1964; Roetling, 1965b): the transition in the
yield behavior is due to restrictions on certain small-scale chain motions which are otherwise
operative. Under conditions of low temperature and/or moderate to high strain rate, these
motions require stress-assisted activation. Roetling (1965b) fit a two-process Ree-Eyring
yield model to his PMMA data (figure 1-8) by assuming that the stress contribution of the
lower energy activation process, the "3-process," was negligible at the lowest strain rates and
highest temperatures, whereas at the higher strain rates and lowest temperatures, both the a
and / processes required stress-assisted activation. Afterwards, he compared his calculated
activation energy for the /-process - AH2 in equation 1.7 - with contemporary calculated
activation energies originating from creep measurements, dielectric measurements, and dy-
namical mechanical measurements. His /-process activation energy corresponded well with
the activation energy of the secondary viscoelastic transition of PMMA that the other ex-
perimentalists had found. Similarly, Bauwens-Crowet et al. (1972) found strong correlation
between their calculated PC /-process activation energy (9.6 kcal/mol) and the activation
energy of the PC viscoelastic p-transition measured via dielectric techniques (8 kcal/mol;
Locati and Tobolsky, 1970). In both cases, the authors drew the conclusion that restric-
tions on the same molecular movements govern both phenomena: increased strengthening
at high rates/low temperatures, as observed through increased rate-sensitivity of yield, and
the secondary (3) transition in the viscoelastic behavior.
Many of these same ideas were corroborated in a noteworthy lecture by R.F. Boyer of
the Dow Chemical Company, on the topic of secondary transitions in polymers.6 The paper
associated with this lecture (Boyer, 1968) draws off of a wide body of experimental data
in the literature - ranging from nuclear magnetic resonance (NMR) spectroscopy to impact
strength measurements - and provides a similar molecular explanation for the type of trends
observed by Roetling and the Bauwens group. In the paper, Boyer surveys available data
for eight different engineering plastics, and proceeds to explain how the mechanical behavior
of each is affected by the existence, location, rate-dependent shifting, and molecular origins
of secondary transitions.
In continuing work, Bauwens and his co-workers furthered their analytical techniques
associated with the secondary transitions of amorphous polymers. Assuming that there
was a time-temperature equivalence to the yield transition location (i.e. the transition
could be induced by either lowering the test temperature or increasing the test strain rate),
they developed a method for generating a "master" yield curve capable of predicting the
polymer yield strength well beyond rates and/or temperatures accessed during laboratory
testing (Bauwens et al., 1969; Bauwens-Crowet, 1973). Furthermore, Bauwens (1972) found
that the distributed nature of the yield transition often correlated well with the distributed
nature of the 3 viscoelastic transition. Based on this finding, Bauwens proposed a modi-
fication to the Ree-Eyring yield equation (equation 1.8), taking into account the shape of
the viscoelastic tan6 /-peak. The Bauwens-modified Ree-Eyring yield model was shown
to more accurately capture the yield transition of both PC (Bauwens, 1972) and PMMA
(Bauwens-Crowet, 1973).
In direct response to the theory and associated models presented by Bauwens, Bauwens-
Crowet, and co-workers in the early 1970s, Fotheringham and Cherry (1976, 1978) presented
an alternate treatment of the rate- and temperature-dependent yield behavior of amorphous
6"Dependence of Mechanical Properties on Molecular Motion in Polymers." 1968 International Award in
Plastics and Science Engineering lecture, New York City, May 8, 1968.
polymers. Like Bauwens, Fotheringham and Cherry found the original single-process Eyring
model (1936) inadequate in capturing new experimental phenomena in the yield behavior
of PMMA. However, they did not agree that adding multiple processes to the Eyring theory
was necessary to explain the molecular mechanisms of yield or even to predict the experimen-
tal data across a wide range of temperatures and/or strain rates. Instead, Fotheringham
and Cherry described a single, more complex "cooperative" activation process governing
yield. The cooperative model for polymer yield, as first presented by Fotheringham and
Cherry (1976), was justified by two points of contemporary molecular theory (Haward &
Thackray, 1968): 1) yield is a cooperative process, involving the movement of multiple chain
segments but not necessarily multiple types of chain motions of differing length scales 2)
amorphous polymers exhibit the ability to recover upon unloading, suggesting that there
is a component of the applied stress - the "recovery stress" - which does not contribute to
driving plastic flow. Fortheringham and Cherry argue that the two-process model formula-
tion of Bauwens and Bauwens-Crowet not only contradicts these two points, but also does
not even capture yield behavior from a phenomenological standpoint. It is on these grounds
that they present an alternate theory.
Fotheringham and Cherry's cooperative model, like the models of Eyring and Bauwens
and Bauwens-Crowet, is built upon a thermally-activated description of the yield process.
As a necessary pre-condition to viscous flow, a polymer segment transitions from one en-
ergy state to another, higher-energy state by overcoming an energy barrier Q through
stress-assisted thermal activation. The probability (per unit time) of an individual polymer
segment moving from the lower energy state to the higher state is given as:
Pl = P0 exp - sinh (rv (1.9)
where P0o is a constant, Q is the activation barrier, k is Boltzmann's constant, T is the
absolute temperature, v* is the effective activation volume, and T* is the effective shear
stress driving plastic flow. The effective shear stress is taken as the difference between the
applied shear shear stress Ta and the "recovery stress" Tr:
7* = 7• - Tr (1.10)
In the "cooperative" yield theory, n polymer segments must simultaneously be in the higher
energy state for flow to occur. Thus, the relevant probability is not p1, but pn:
pn = {pl}n = pn exp (-) sinhn 2k (1.11)
Then assuming that the cooperative transition of n segments leads to a macroscopic strain
Eo, the shear strain rate ý may be written as:
/= Kexp sinh n  (1.12)
where K is a lumped constant including Eo, a transmission factor, and a frequency factor.
Note that equation 1.12 is mathematically identical to the original Eyring equation (equa-
tion 1.1) in the case n=1. In practical applications of yield stress prediction, the variables
are converted to an axial frame (7* - a*, A - i), a* is replaced with the quantity (Ua -
a,), and aa is set to a. (yield strength). In applying the cooperative model to the yield
behavior of PMMA (1976) and high density polyethylene (HDPE) (1978), Fotheringham
and Cherry calculated the majority of their parameters via numerical curve-fitting methods.
The only parameter not calculated in this manner was the recovery stress, ar; rate- and
temperature-dependent values for ar were extrapolated from "stress-transient dip stress"
experiments (Fotheringham & Cherry, 1978).
The work of Fotheringham and Cherry went relatively unnoticed until the cooperative
yield model was revived some time later by Povolo and co-workers (Povolo & Hermida,
1995; Povolo, Schwartz, & Hermida, 1996). Povolo described the rate- and temperature-
dependence of yield in both PMMA (1995) and PVC (1996) with equation 1.13 below
(derived from equation 1.12, as described above):
S- = + 2k sinh-l [ (1.13)
with i* described by an Arrhenius relation:
e* =doexp (1.14)
The Povolo parameters AH, v, ai, and io correspond directly with the Fotheringham and
Cherry parameters nQ, v*, Ur, and K, respectively. In this more phenomenological version
of the cooperative model, Povolo and Hermida (1995) replaced the recovery stress, calculated
experimentally by Fotheringham and Cherry (1978), with an "internal stress" determined
through curve fitting. While all other parameters of the model are constants, Povolo found
this internal stress to exhibit a temperature dependence of the form:
ai = aio (Tc - T) (1.15)
where aio and Tc are additional fitting parameters (constants). In figure 1-11, the Povolo
cooperative model described by equations 1.13-1.15 is fit to the PVC yield data of Bauwens
et al. (1969) with excellent agreement over a wide range of temperatures and strain rates.
Nonetheless, the application of the cooperative yield model by Povolo and co-workers, and
Fotheringham and Cherry (1976, 1978) before them, provided little physical insight into
rate- and temperature-dependent behavior of amorphous polymers. For instance, there was
no physical explanation for the linear temperature dependence of the internal stress (equa-
tion 1.15). Furthermore, the theory offered no insight into what these identical, cooperative
segmental motions actually were, and it essentially disregarded contemporary experimen-
tal evidence of distinctly different molecular motions governing deformation resistance in
different temperature/strain rate regimes.
Though contention did exist, most researchers through the 1970s and 1980s followed
more closely the paths of Roetling and Bauwens in an attempt to better understand and ex-
plain the rate-dependence of plasticity in amorphous polymers. Wu and Turner (1975) used
torsional tests on tubular specimens of PC and polyethylene to examine the rate, tempera-
ture, and pressure dependence of flow stress; they observed the same increased strengthening
at low temperatures that both Roetling and the Bauwens group had seen (figure 1-12). The
group of Haussy, Cavrot, Escaig, and Lefebvre (1980) studied the temperature-dependent
compressive yield strength of PMMA, after Bauwens-Crowet (1973), and first attempted
to fit a single-process Eyring model to all their data (e = 3.5x 10-5 s- 1). At temperatures
below -73'C, the data conformed to the model well, using constant values for all three pa-
rameters; at temperatures above -73 0 C (which they refer to as "Tc"), a power-law stress
dependence in the pre-exponential factor was necessary to fit the data. In continuing work,
Lefebvre and Escaig (1985) found that the temperature location of T, shifts with strain
rate, approximately 190C per decade increase in strain rate. The combined data from the
Parameters for the Povolo cooperative
yield model (equations 1.13-1.15) fit
to the PVC yield data of figure 1-11
n 10
eo [s- 1]  2.95x 1012
AH [kJ/mol] 58.5
v [nm 3] 0.105
aCo [MPa] 0.554
TC [K] 353
log ( ;s )
Figure 1-11: PVC tensile yield data of Bauwens et al. (1969) fit with a cooperative yield
model (Povolo et al., 1996).
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Figure 1-12: PC flow stress in shear as a function of temperature and strain rate. Data
obtained from torsional tests on tubular specimens (Wu & Turner, 1975).
two studies, together with the final model fit, is given in figure 1-13.
At the University of Leeds (U.K.), Truss, Clarke, Duckett, and Ward (1984) made a
significant contribution to the understanding of yield phenomena in amorphous polymers,
even though their testing was conducted on a crystalline thermoplastic. Their comprehen-
sive study examined the rate, temperature, and pressure dependence of yield in polyethylene
with two different apparatus. For studying just the rate and temperature dependence of
yield, they used an Instron tensile testing machine with different attached environmental
chambers. They examined strain rates from 10-6 s - 1 to 10-1 s- 1 and temperatures from
-153 0 C to 85 0C; example test results are shown in figure 1-14. For studying the pressure
dependence of yield, they used a unique high-pressure torsional apparatus that could pro-
vide hydrostatic pressures on the test specimen up to 600 MPa. Sets of data from both test
procedures were explained in terms of the Ree-Eyring theory, with two activated processes
acting in parallel. Equation 1.16, of familiar form, was fit to all of their tension data. Equa-
tion 1.17, a modification of the Ree-Eyring model to more directly capture the pressure
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Figure 1-13: PMMA compressive yield strength as a function of temperature and strain
rate (Lefebvre & Escaig, 1985).
dependence of the shear yield strength, was fit to all of their torsional data.
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In these equations, vi, ýo,i, and AHi are the usual Ree-Eyring parameters (proportional or
equivalent to the Ai, Ci, and Qi parameters used by Bauwens, respectively), k is Boltz-
mann's constant, and Qi is a new parameter for directly capturing dependence on hydro-
static pressure, p. In their tension data, Truss et al. observed what many other researchers
had seen before: at some low temperature, the material yield behavior undergoes a transition
that causes the strength to greatly increase with decreasing temperature. This transition
location - polyethylene's Tg - shifted with strain rate, increasing in temperature with in-
creasing strain rate. They noted that, at least qualitatively, temperature and strain have
the same effect on the yield strength; testing at low temperatures would produce the same
results as testing at high rates. They supposed, too, that pressure has a similar effect,
though they could not get hydrostatic pressures high enough to be able to witness a transi-
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Ree-Eyring model parameters for the polyethylene
data of figure 1-14, following equation 1.16
Process 1 2
Ineo [s- 1]  63.5 42.7
AH (kcal/mol] 57 32
v [m3] 6.28x 10- 2 7 2.32 x 10 - 27
vi
vi
Temperature K
Figure 1-14: Temperature and strain rate dependence of the tensile yield strength of Rigidex
R50 polyethylene. Curves have been fit with the Ree-Eyring model. Strain rates are as
follows: (o) 8.33x 10-2 s- 1, (0) 4.17x10 - 3 s- 1, (x) 8.33x 10- 4 s- 1, and (V) 8.33x10 - 5 s- 1
(Truss et al., 1984).
tion in the pressure-dependent yield data. Finally, they observed that each of the activated
processes has its own temperature, rate, and pressure dependencies.
Foot, Truss, Ward, and Duckett (1987) continued this work with testing on amorphous
PET, which had already been shown to have a significant transition in its temperature-
dependent yield behavior. As in other studies, they used a universal servo-hydraulic machine
with attached environmental chamber to obtain yield data over quasi-static rates and a wide
range of temperatures. Here, however, the authors also employed a novel moderate-rate
tensile testing machine, driven by a flywheel, to extend their testing capabilities to rates
on the order of 100 s- 1. The experimental data revealed a significant transition in both
the temperature-dependent yield behavior (at -23 0C for i = 4.68x 10-2 s- 1) and the rate-
dependent yield behavior (at 1 s- 1 for 0oC). Both phenomena were captured with a single
fit of the two-process Ree-Eyring yield model (equation 1.16). The activation energy value
for the f-process that they obtained from curve fitting - 17.1 kcal/mol - agrees very well
with the PET f-relaxation activation energy reported by Thompson and Woods (1956):
17 kcal/mol. It is assumed then that the same molecular motions governing the linear
viscoelastic material response, at least in the "P-region", also govern the material's yield
behavior.
1.2.2 Extension to High-Rate Behavior
To further the understanding of the secondary transitions in the rate-dependent behavior of
amorphous polymers, the natural progression was to perform tests at higher strain rates, as
Foot et al. (1987) had attempted with their novel flywheel tensile apparatus. A variety of
test methods have since been employed for studying the high strain rate (>100 s- 1) behavior
of amorphous polymers, but none as frequently or with as much success as split-Hopkinson
pressure bar testing.
The split-Hopkinson pressure bar (SHPB) is still the primary method for testing the
mechanical properties of materials in homogeneous deformation at high rates of strain. The
test set-up is drastically different from methods used to test materials at lower rates, as will
be discussed. The importance of the SHPB as a tool in the study of mechanical behaviors
of materials has been on the rise in recent decades; ever-improving finite element simulation
capabilities in the realm of dynamic loading conditions have demanded accurate data and
constitutive models for material response at high rates of deformation. However, there is still
Barrel
Figure 1-15: Schematic of a split-Hopkinson pressure bar system (courtesy O. Samudrala).
no standard design for the split-Hopkinson bar apparatus, and many issues related to the
application of this unique test method, especially in the investigation of "low-impedance"
materials such as amorphous polymers, are still in contention.
The general theory of classic split-Hopkinson pressure bar testing has been well docu-
mented. See for example Davies (1948), Kolsky (1949), or, more recently, Follansbee (1985),
Meyers (1994), and Gray III (2000). A detailed schematic of a typical SHPB apparatus is
given as figure 1-15. The test is initiated when high-pressure gas is released from the pres-
sure chamber, causing the striker bar to eject from the barrel. When the striker bar impacts
the first pressure bar, the "incident bar" , a compressive stress wave is generated. This elastic
wave travels the length of the incident bar until it reaches the specimen interface. Because
of the material mismatch at this interface, a portion of the incident pulse is reflected back
down the incident bar as a tensile wave, and the remaining portion transmits through the
specimen and down the second pressure bar (the "transmission bar"). When the wave
passes through the specimen, and portions of it reverberate from one end of the specimen
to the other, the material being tested will deform at a high rate of strain (approximately
103 to 104 s-I). The three stress pulses of interest - the incident, the reflected, and the
transmitted - are recorded with strain gages mounted on the pressure bars which capture
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Figure 1-16: Strain gage signals from a characteristic split-Hopkinson pressure bar test on
PC.
the corresponding compressive, tensile, and compressive strains ei, er, and et. Figure 1-16
provides an example of what these pulses might look like, during a test of PC.
The theory behind SHPB testing, developed in some detail in the citations listed pre-
viously, is based on the assumption of one-dimensional wave propagation. Acoustic wave
propagation in elastic mediums is a topic that has been well-understood since the 18th
Century; in this case, the problem is further simplified by the one-dimensional assumption.
A general equation of motion may be written as:
02 u 1 0 2u
- (1.18)1x2  C2 t2
where u is the displacement along the x-direction (in this case, the axis of the pressure bar),
t is time, and c = VE/p is the acoustic wave speed in an elastic medium. A general solution
to this equation is made particular by the application of appropriate boundary conditions.
The difference between two solutions - one for the rate of displacement in the incident bar,
one for the rate of displacement in the transmitted bar - leads to an expression for strain
rate in the specimen. The measured elastic bar strains also yield expressions for the forces
on the front and back surfaces of the specimen, as force equilibrium requires that the same
forces be felt on the specimen faces and the ends of the pressure bars. Assuming these two
forces - front and back - to be equal, that is, assuming the specimen has achieved "dynamic
equilibrium" and is undergoing homogeneous deformation, leads to a simplification of the
final stress and strain rate equations:
2CEr
S= (1.19)
AbEit
A = (1.20)
A8
where 1, is the length of the specimen, Ab is the cross-sectional area of the bar, and As is the
cross-sectional area of the specimen. In practice, strain is found via numerical integration
of equation 1.19. Note that the specimen strain rate is directly proportional to the strains
of the reflected pulse, and that specimen stress is directly proportional to the strains of the
transmitted pulse.
Because there is still no standard method for the SHPB test, nor a standard design for
the SHPB apparatus, an experimentalist faces many issues during application of the SHPB
test method. These issues include: proper choice of bar material, axial alignment of the
striker bars and pressure bars, optimization of the excitation, gain, and filtering settings for
the amplifier/data acquisition system, accounting for the effects of wave dispersion, miti-
gation of frictional effects, and the selection of appropriate specimen geometry. Specimen
geometry is perhaps the most critical issue. The specimen length determines the time to
dynamic equilibrium, and hence the validity of the low-strain data, as well as the maximum
theoretical strain and strain rate which can be achieved during a test (both are inversely
proportional to the specimen length). Furthermore, the specimen geometry must be chosen
in consideration of longitudinal and radial inertia effects, frictional forces, and buckling
concerns. Recent review articles (Chen, Zhang, & Forrestal, 1999; Gray III & Blumenthal,
2000) have addressed the unique difficulties associated with testing polymeric materials in
the SHPB system; the reader is directed to these references for further details on the test
methods.
Though the history of testing polymeric material with the split-Hopkinson bar system
can be traced back to Kolsky (1949), Chou, Robertson, and Rainey (1973) produced the first
set of SHPB data significant to the understanding of high-rate strengthening in amorphous
polymers. These authors studied the rate-dependent yield and compressive stress-strain
behavior of two amorphous polymers - PMMA and cellulose acetate butyrate (CAB) -
at strain rates ranging from 10-4 s- 1 to 103 s- 1. The tests at the highest rates were
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Figure 1-17: Compressive stress-strain behavior of PVC at five different strain rates. Data
was obtained from four different apparatus. (Walley & Field, 1994).
conducted on a split-Hopkinson pressure bar system. For both polymers, they observed
an increased rate sensitivity of yield at moderate and high rates. Also, by embedding a
thermocouple in all of their compression specimens, Chou et al. observed a significant
rise in the specimen temperature at these rates. They attributed this heat evolved to an
adiabatic thermodynamic condition, and related it to an increase in the amount of strain
softening at high rates.
Later, Walley and Field at the University of Cambridge (UK) published several related
studies focused on the rate-dependent behavior of polymeric materials: Walley, Field, Pope,
and Safford (1989), Walley, Field, Pope, and Safford (1991), Walley and Field (1994). Dur-
ing these studies, Walley, Field, and co-workers evaluated the rate-dependent compressive
behavior of seventeen different polymers on four different apparatus, including a direct-
impact Hopkinson bar7 for strain rates above 103 s - 1. Some example stress-strain curves,
from the study of PVC at strain rates of 10-2 s - 1 to 104 s- 1, are given as figure 1-17.
In addition to studying the effects of friction in compression tests, Walley and Field had
7 A direct-impact Hopkinson bar is very similar in design and theory to the split-Hopkinson pressure bar,
with the key difference being that there is no incident bar in the direct-impact system; the striker bar hits
the specimen directly.
hoped to combine the data from tests across the different strain rate regimes and dis-
cover which polymers exhibited increased strengthening at high rates (> 103 s- 1). Of the
seventeen different polymers that they tested, Walley and Field found that acrylonitrile-
butadiene styrene (ABS), poly(ethylene terephthalate) (PET), polypropylene (PP), PVC,
and poly(vinylidene fluoride) PVDF all exhibited an increased rate sensitivity of yield within
the high rate regime. They supposed that the yield behavior of these materials would need
to be interpreted in terms of the two-process Ree-Eyring modification to Eyring's viscosity
theory.
Rietsch and Bouette (1990) were the first researchers to use SHPB testing in deliberate
continuation of the work conducted by Bauwens (1972). That is, they attempted to use
high-rate compression testing to further the evidence of a secondary transition in the yield
behavior of PC. This data, they supposed, would fit to the very same Bauwens-modified
Ree-Eyring model that had been used to explain the increased strengthening of PC at low
temperatures, in terms of the 3-peak of the viscoelastic loss tangent. With their SHPB
system, Rietsch and Bouette were able to test PC in uniaxial compression at strain rates
between 150 s- 1 and 3000 s- 1 and temperatures from -400 C to 60 0C. Figure 1-18 is a
summary of the yield strength values obtained from these tests, as well as the yield strength
values obtained in quasi-static tests (10- 4 s- 1 to 10-2 s- 1) on a servo-hydraulic machine.
As expected, the data revealed a distinct transition in the rate-dependent yield behavior
of PC, for all temperatures investigated. At room temperature, this transition appears at a
strain rate of approximately 100 s- 1. Rietsch and Bouette successfully fit all of the yield data
with a two-process Ree-Eyring model, following equation 1.8 proposed by Bauwens et al.
(1969). By comparing the tables adjoining figures 1-10 and 1-18, we can see that there
is relatively good agreement between the Ree-Eyring parameters calculated by Bauwens -
fitting only temperature-dependent data - and the same parameters calculated by Rietsch
and Bouette. The slight discrepancies may be attributed to the different brands, and hence
different exact chemical compositions, of PC used in the two studies. In interpreting the
data, Rietsch and Bouette agree with Bauwens, that the yield behavior transition is linked
to the well-documented ,-relaxation process of PC.
In studies that followed, a number of researchers corroborated the experimental findings
of Rietsch and Bouette (1990). Moy, Weerasooriya, Hsieh, and Chen (2003) conducted
uniaxial compression tests on PC at room temperature over the strain rate range 10- 4
Ree-Eyring model parameters
for the PC data of figure 1-18
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Figure 1-18: PC yield data as a function of temperature and strain rate, fit with the Ree-
Eyring model. Temperatures are as follows: (o) -400 C, (4) -20 0C, (A) 00C, (1) 100C, (i)
20 0C, (v) 400C, (>) 60 0 C (Rietsch & Bouette, 1990).
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s- 1 to 103 s- 1 . They too found that PC transitions to a regime of increased strain rate
sensitivity of yield, at a strain rate of approximately 300 s- 1. Furthermore, Moy and co-
workers found that the initial elastic modulus increases proportional to the yield strength
with increases in strain rate. Recently, Siviour, Walley, Proud, and Field (2005) revisited
the PC experiments of Walley and Field (1994), improving upon the test techniques and
expanding the study to include temperature-dependent behavior (-50 0 C to 1500C) as well
as rate-dependent behavior (10- 4 s- 1 to 104 s- 1). This time, the room temperature data
revealed that PC exhibits an increased rate sensitivity of yield in the high-rate regime, as
compared to the low-rate regime. In tests at constant rate (-5500 s-1), a similar transition
was observed in the temperature-dependent yield behavior, located at approximately 400C.
Through the extrapolation of DMA data, both of these yield transitions were found to occur
under the same strain rate/temperature conditions as the viscoelastic 3-transition.
Along these same lines, Cady and co-workers at Los Alamos National Laboratory
presented a comprehensive study on the rate (10- 3 s- 1 to 2500 s- 1) and temperature
(-55'C to 3000C) dependent behavior of two important engineering plastics, amorphous
polyamideimide (PAI) and semi-crystalline PEEK (Cady, Blumenthal, Gray III, & Idar,
2003). With advanced SHPB techniques, including pulse shaping, this group was able to
obtain accurate low-strain data in even the high-rate tests, and thus examine the relationship
between temperature, strain rate, and the initial slope of the stress-strain curve ("loading
modulus"). Cady et al. used this information to locate the glass-transition temperature of
the two polymers at different strain rates, as the loading modulus drops dramatically over a
small range of temperatures centered around T9 . They observed this glass transition to shift
with strain rate, as demonstrated in the data of figure 1-19. It is reported that the PEEK
T9 shifts from about 1450C at 10- 3 s- 1 to about 160'C at 2200 s- 1, while the PAI Tg shifts
about 100 C over three decades of strain rate. Furthermore, these researchers report that
the loading modulus, yield stress, and flow stress all increase with either increasing strain
rate or decreasing temperature - the two seem qualitatively equivalent. They conclude by
emphasizing the fact that a constitutive model, which can capture all of these rate- and
temperature-dependent trends, is needed for accurately describing the mechanical behavior
of thermoplastics at high rates of strain.
In recognition of the need for an appropriate constitutive model, and in considera-
tion of more recent data detailing the behavior of amorphous polymers at high strain
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Figure 1-19: Initial loading modulus as a function of temperature and strain rate for a)
PEEK and b) PAI. These plots are intended to show the shift in Tg with strain rate (Cady
et al., 2003).
rates, Richeton, Ahzi, and co-workers (Richeton, Ahzi, Daridon, & Rbmond, 2005a, 2005b;
Richeton, Ahzi, Vecchio, Jiang, & Adharapurapu, 2006) have revived interest in the coop-
erative model. The mathematical form of the model that they present is nearly identical
to that originally posed by Fotheringham and Cherry (1976, 1978), and later applied by
Povolo and co-workers (Povolo & Hermida, 1995; Povolo et al., 1996), with two noteworthy
exceptions: the form is altered for temperatures near Tg, and pressure dependence of yield
is considered. However, the theoretical basis is changed considerably, in comparison with
the ideas of Fotheringham and Cherry, and, to a lesser extent, the ideas of Povolo and co-
workers. In decreasing the applied stress by an amount Tr (equation 1.10), Fotheringham
and Cherry (1976) were accounting for the fact that " . . . some of the applied stress is
borne by an elastic recovery element and that this reduces the effective stress on the time
dependent flow process." In the Richeton and Ahzi formulation (Richeton et al., 2005b),
the recovery stress has become the internal stress, ". . . a structural parameter, which
depicts the arrangement of defects inherited from past thermal history." As with Povolo
and co-workers (Povolo et al., 1996), appropriate values for the internal stress are found
from curve fitting.
Furthermore, the physical interpretation of the activation barrier in the model has been
changed. In the original formulation (Fotheringham & Cherry, 1976), the activation energy
of the cooperative process is given as the quantity nQ, where n is the number of segments
Cooperative model parameters
for the PC data of figure 1-20
n 3.91
V [m3 ] 4.66 x 10- 29
oi(0) [MPal 190
m [MPa/K] 0.384
to [s- ] 1.25x 109
AHp [kJ/mol] 20.9
Ree-Eyring model parameters
for the PC data of figure 1-20
Process a 0
A [Pa/oK] 6000 54000
Q [kJ/mol] 284.2 20.9
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Figure 1-20: PC yield data as a function of strain rate (logarithmic scale), fit with both the
cooperative and Ree-Eyring yield models (Richeton et al., 2005b). Experimental data and
Ree-Eyring parameters have been taken from Rietsch and Bouette (1990).
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acting cooperatively, and Q is the activation energy for a single segment in viscous flow.
In the Richeton-Ahzi model, the activation energy is taken to be the P-process activation
energy, AH3, identical in meaning to Q& in the Ree-Eying yield model (equation 1.8).
Richeton et al. (2005a) note that it is the first time the cooperative model has been linked to
the 3-process, which has been acknowledged by previous researchers as a plasticity precursor
(e.g. Xiao, Jho, and Yee, 1994) and the source of enhanced strength at high rates/low
temperatures in many amorphous polymers (e.g. Bauwens, 1972). In fitting the yield data of
PMMA and PVC, Richeton et al. (2005b) find excellent agreement between their calculated
AHp and the Qp values calculated by Bauwens-Crowet and co-workers (Bauwens-Crowet
et al., 1969; Bauwens-Crowet, 1973).
In order to capture yield behavior at and above Tg, Richeton et al. (2005b) proposed an
altered form for the characteristic strain rate (the original expression is given by equation
1.14):
* (T > Tg) = o exp ( T exp (n10 x c(T-Tg) (1.21)
_ k T) c9 + T - T,
where c9 and cg are the parameters of the Williams-Landel-Ferry (WLF) equation, describ-
ing polymer time/temperature superposition above the glass transition. Richeton et al.
also found it necessary to prescribe ai=O for temperatures above Tg, making ai(T) a dis-
continuous function over any span including Tg.8 Futhermore, this treatment of the yield
behavior at and above Tg is based on an approximation that the temperature location of
the glass transition does not change with strain rate; the experimental data of Cady et al.
(2003) and Siviour et al. (2005), among others, contradicts this assertion.
Richeton et al. (2006) also propose changes to the cooperative model in order to ac-
count for the effects of hydrostatic pressure, though the changes are not tested against any
experimental data. The modifications are based on limited experimental evidence (e.g. Ra-
binowitz, Ward, and Parry, 1970) indicating that the yield strength of amorphous polymers
is linearly related to the hydrostatic pressure. Richeton et al. propose the following:
ay(P) = oa(O) + apP (1.22)
where ay(P) is the yield strength at pressure P, ay(0) is the yield strength under zero
8 At temperatures below Tg, the internal stress is given as: ai(T) = ai(0) - mT, where the Richeton et
al. cooperative model parameters a~(0) and m correspond to the Povolo et al. parameters (aioTc) and a•o,
respectively (equation 1.15).
Cooperative model parameters for the PC,
PMMA, and PAI data of figures 1-21 and 1-22
PC PMMA PAI
n 5.88 6.37 6.58
V [m3 ] 5.16x10 - 29  5.14x10 - 29  1.62x10 - 29
ai (0) [MPa] 145 190 315
m [MPa/K] 0.24 0.47 0.61
0o [s- '] 8.69x 1012  7.46 x 101 5  8.03x10 11
AHO [kJ/mol] 40 90 25
T, [K] 413 378 538
c1 [oC] 17.44 9.00 -
c2 [oC] 51.60 35.50
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Figure 1-21: PC, PMMA, and PAI yield data as a function of both strain rate (logarithmic
scale) and temperature, fit with the cooperative yield model (Richeton et al., 2005b).
a. 150
X-
100
50
0
400-
0 300-
• 200-
S100-
0
PAl
-5 ~ ~ -4 3 2 - 0 1 2 3
Lo ( stai rat [/s )
30u
300-
a-
• 250-
S200-
150-
z 100-
>- 50
,,
PMIA I
* Data 0.01/s
- Model
-100 -50 0 50 100 150
Temperature [°C]
* Data 0.01/s
- Model
0 50 100 150
Temperature [°C]
* Data 0.01/s
Model
-50 0 50 100 150 200
Temperature r[C]
Figure 1-22: PC, PMMA, and PAI yield data as a function of temperature at 0.01 s- 1, fit
with the cooperative yield model (Richeton et al., 2005b).
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pressure, and ap is the pressure sensitivity coefficient. Such formalism simply adds an
additional term, oapP, to the end of the yield stress equation (equation 1.13).
Figures 1-20 to 1-22 demonstrate the success of the Richeton-Ahzi cooperative model in
capturing rate- and temperature-dependent yield data for a variety of amorphous polymers.
In figure 1-20, the cooperative model predictions are compared directly with predictions
given by the two-process Ree-Eyring model, for the case of PC. The predictions of the two
models appear very similar for strain rates greater than 10- 3 s- 1 , and both capture the
experimental data at these rates very well. Below 10- 3 s- 1, however, the cooperative model
predicts a nearly constant yield stress (independent of strain rate), while the Ree-Eyring
model predicts that yield stress will continue to decrease with decreasing rate. Unfortu-
nately, this key difference in the model predictions is not tested against any experimental
data. In the graphs of figures 1-21 and 1-22, the model is tested against a wide body of
experimental data on PC, PMMA, and PAI, developed by the authors themselves (Richeton
et al., 2006). In these cases, the model performs very well, accurately capturing experimen-
tal data that spans -200 0C and eight decades in strain rate. In figure 1-22, it is even shown
that the model is able capture the dramatic drop in yield strength as the polymer passes
through its glass transition.
1.2.3 Molecular Origins
Sophisticated experimental techniques, especially in the realm of high strain rate (i >100
s-1) testing, have confirmed the existence of secondary transitions in the rate- and temperature-
dependent mechanical behavior of many amorphous polymers. These transitions were first
identified in the yield data of Roetling (1965b) and Bauwens-Crowet and Homes (1964);
more recent experimental data, covering rate- and temperature-dependent modulus, yield,
and post-yield stress-strain behavior, have elucidated the macroscopic phenomena associ-
ated with these secondary transitions. This body of data has led to improved phenomeno-
logical models capable of capturing the observed behaviors. At the same time, significant
effort has been put towards understanding the specific molecular dynamics which govern
these secondary transitions. This molecular-level research - both theoretical and experi-
mental - aids in development of physically-based models, and also helps chemists to design
polymers for specific applications. In particular, it may be possible to develop new polymers
for low temperature and/or high rate applications by understanding the molecular motions
which are involved with secondary transitions.
The molecular dynamics of glassy polymers are most often investigated with macroscopic
techniques that probe viscoelastic behavior. It is well known that the viscoelastic behavior
of any glassy, amorphous polymer is governed by multiple activated processes (see, for in-
stance, Ferry, 1961). These different activated processes generally correspond to different
segmental motions of the polymer's macromolecules. When a particular segmental motion
becomes restricted, the corresponding process will require stress-assisted activation, and
thus the polymer's viscoelastic behavior passes through a transition. As is now understood,
these restricted motions also cause transitions in the rate-dependent yield behavior of many
amorphous polymers. However, in that case, it is not as easy to deconvolute the contribu-
tions from different processes, and the transitions are not always as clear. By probing the
viscoelastic behavior of a series of polymer homologues, with gradual adjustments in the
backbone and/or side chain chemistry, one may gain insight into the particular molecular
mobilities associated with various transitions.
Dynamic mechanical thermal analysis (DMTA) and dielectric analysis (DEA) are two
techniques for probing the viscoelastic behavior of a glassy polymer, and are the two exper-
iments most often used in studies of molecular dynamics. In a typical DMTA experiment,
the specimen is loaded with a sinusoidally-varying strain (stress) amplitude, and the stress
(strain) response is sampled. This material response is measured in two components: one
in phase with the load program, characterized by the storage modulus E', and one out
of phase from the load program, characterized by the loss modulus E". In a completely
analogous manner, the DEA experiment involves loading the specimen with an oscillatory
electric field, and measuring both the in-phase (capacitive) and out-of-phase (conductive)
components of material response. In both cases, the response is measured as a function of
test temperature and the frequency of the oscillations in the load program. So long as the
activated processes of a particular polymer involve the motion of permanent dipoles, the di-
electric experiment and its changing electric field will sample the same molecular dynamics
induced by oscillatory mechanical loading.
The DMTA and DEA macroscopic techniques may be used in conjunction with "micro-
scopic" spectroscopy methods such as nuclear magnetic resonance (NMR; see, for instance,
McGrath, Ngai, & Roland, 1995), positron annihilation (Davis & Pethrick, 1998), and neu-
tron scattering (Floudas, Higgins, Meier, Kremer, & Fischer, 1993). While these methods
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Figure 1-23: Chemical structure of bisphenol A polycarbonate
are generally geared towards investigations of molecular structure, they can provide impor-
tant information in regards to the length scale(s) and/or conformation states associated
with a particular molecular motion. Nonetheless, there does not exist any technique for di-
rect visualization of the molecular motions; the experimentalist is left to interpret available
experimental data and theorize. For this reason, the specific molecular motions associated
with the secondary transitions of many amorphous polymers are still in doubt (Hutchinson,
1997).
Experimental investigation into the molecular origins of secondary transitions began
nearly fifty years ago. At this time, there was already a great deal of interest in both PC and
PMMA, two amorphous polymers which are prominent in many engineering applications.
Both polymers were known to have a pronounced secondary (/3) transition. According to the
review article of Illers, Kilian, and Kosfeld (1961), the 3-transition of PC (figure 1-23) may
be attributed to the restricted rotation of the highly-polar carbonate group about the main
chain. They based this conclusion on a series of spectroscopic measurements, indicating that
the 3-transition peak observed via the dielectric technique was identical in both temperature
location and intensity to that seen in DMTA experiments. Later, both Nielsen (1962) and
Bussink and Heijboer (1964) presented experimental results and corresponding theory in
agreement with the conclusions of Illers and co-workers. However, NMR measurements
(Matuoka and Ishida, as cited by Boyer, 1968) pointed towards a different explanation: the
PC 3-transition is given by restricted rotation of the phenyl rings. These differing opinions
were reconciled by Boyer (1968), who suggested that the 3-motion is a rotation of the
carbonate group, which in turn induces motion in the adjacent phenyl rings.
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Figure 1-24: Chemical structure of poly(methyl methacrylate)
In the case of PMMA (figure 1-24), Illers, Kilina, and Kosfeld (1961) did not have
sufficient data to identify the molecular origins of the i transition. However, they cite
contemporary NMR data which indicates that the entire ester side group is unable to move
at temperatures below -196 0 C (well below the l-transition temperature). Over the next
five years, significant research into the molecular mobilities of PMMA was conducted at
TNO-Delft (Holland), including dielectric and dynamic mechanical experiments on a va-
riety of PMMA homologues. In reviewing this work, Heijboer (1964) concludes that the
PMMA 3-transition is associated with restricted rotations of the entire ester side group
about the main-chain. He suggests that further work is needed to understand the cooper-
ative, intermolecular nature of this motion; that is, do side group rotations on one chain
affect/induce/require side group rotations on neighboring chains?
In the mid-1960s, the cooperative nature of the PC 3-motions was also unclear. How-
ever, over the past 15 years, studies involving PC homologues have yielded a great deal
of insight on the subject. Yee and co-workers (Jho & Yee, 1991; Xiao & Yee, 1992) syn-
thesized a series of bisphenol-A polycarbonate (BPA-PC; traditional polycarbonate) and
tetramethylbisphenol-A polycarbonate (TMBPA-PC) block copolymers. In dynamic me-
chanical testing, they found that only those block copolymers with at least 9 monomer units
in each block would exhibit the same two secondary transitions given by the constituent
homopolymers individually. Thus, Yee and co-workers conclude that the PC /3-motions are
intramolecular cooperative motions, involving approximately 7 adjacent monomer units. In
another study, Floudas et al. (1993) tested a PC variant ("biphenyl" PC - BPPC) where
adjoining phenyl rings were bonded together, such that ir-flips of the individual phenyl rings
could not occur. They found that this variation did not change the character or location of
the PC f-transition, as accessed through dynamic mechanical testing. Thus Floudas and
co-workers conclude that the phenyl ring 7r-flips alone do not constitute the 3-motions9,
and that there must be some amount of intra- or intermolecular cooperativity involved.
In a recent review article on molecular mobilities in amorphous polymers, Monnerie,
Laupretre, and Halary (2005) present an even more complex view of the PC 3-motions.
Monnerie and co-workers suggest that the associated motion changes at the transition peak.
On the low-temperature side, they say, the motion is mainly phenyl ring oscillations of
moderate amplitude, and smaller motions of the adjoining carbonate groups. Since these
motions are very local, there is minimal intramolecular or intermolecular cooperativity. On
the high-temperature side, however, the motion is phenyl ring r-flips which induce motion
not only on the same chain (intramolecular cooperativity), but also on neighboring chains
(intermolecular cooperativity). Monnerie and co-workers (2005) present similar theory for
the f-motions of PMMA: on the low-temperature side (below 00 C), the associated motion
is an isolated ir-flip of the ester side group; on the high-temperature side, it is a r-flip
of the ester group coupled with an internal rotation of the attached main-chain units - a
cooperative, intramolecular motion. This theory is in accordance with that of Heijboer
(1964); unlike the case of PC, there exists a general consensus in regards to the molecular
origins of the PMMA f-transition.
While in some cases the length scale and cooperative nature of these secondary molecular
motions may still be in contention, it is clear that the motions are distinct from and much
smaller in scale than those motions associated with the a (glass) transition. For the glass
transition, it is generally agreed that the corresponding molecular motion is a cooperative
rotation and/or translation of neighboring main chain segments with respect to one another
(Dionisio, Alves, & Mano, 2004). These segments may be as long as 50 monomer units,
depending on the particular polymer. Thus it is perhaps natural to develop a macroscopic
9Up until this point, the pervading theory was that the PC f-motions are in fact phenyl ring 7r-flips
(Hutchinson, 1997).
mechanical model for the polymer which considers separately the effects of the a and 3
molecular mobilities. So long as the model is general enough, the exact details of the
secondary molecular motions shall be inconsequential.
1.3 Constitutive Modelling
Throughout sections 1.1 and 1.2, a variety of theories related to the initiation of plastic flow
in amorphous polymers were delineated. Many of these theories drew connections between
the secondary molecular mobilities discussed in section 1.2.3 (above) and macroscopic phe-
nomena observed experimentally. The models associated with these theories were, in gen-
eral, designed for predicting yield strength under various temperature and rate conditions;
nearly all of them are capable of predicting yield strength across a rate- or temperature-
induced transition. However, none of these models are capable of predicting post-yield
stress-strain behavior. For such predictions, a constitutive model is required. Framed in
three-dimensions through the mathematics of continuum mechanics, a constitutive model
is the ultimate link between materials science and predictive engineering tools based on the
finite element method. Coupled with an appropriate material model, finite element analy-
sis allows for efficient, cost-effective design and testing of engineering components through
numerical simulation.
Significant effort has been put towards developing an appropriate constitutive model
for amorphous polymers, to be used in finite element analysis, which is general enough to
capture material behavior over a wide range of loading conditions. Though many different
groups have participated in these efforts, it is the purpose of this section to review one
particular lineage of constitutive models based mainly upon the work of Mary Boyce and
co-workers. The constitutive model described later in this thesis may be considered the
most recent addition to the family of Boyce models - a direct descendent of the ones before
it. Note that, prior to the introduction of the Mulliken and Boyce model (Mulliken, 2004),
there did not exist in this lineage a constitutive model capable of capturing and predicting
the experimental phenomena of the secondary transitions.
The thermoplastic constitutive models of Boyce and co-workers can trace their origins
to the seminal work of Haward and Thackray (1968). At a time when the study of large
deformations in polymers was at a "primitive stage", Haward and Thackray proposed a
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Figure 1-25: Rheological interpretation of Haward and Thackray's 1-D mathematical model
for the large deformation behavior of glassy thermoplastics (Haward & Thackray, 1968).
mathematical model to predict the stress-strain behavior of glassy thermoplastics under
isothermal uniaxial tension. As shown in figure 1-25, the model is composed of three sepa-
rate constituent elements to account for distinct contributions to the total deformation re-
sistance. The linear (Hookean) spring accounts for initial elasticity; in this one-dimensional
model, it is described by a single elastic constant, E (a = EE). The non-linear spring is used
to define the entropic resistance to large deformations, based on contemporary theories of
rubber elasticity. Finally, the rate- and temperature-dependent resistance to plastic flow
is captured with an Eyring-type dashpot. This component of the model draws the closest
analogy to the yield models described in sections 1.1 and 1.2. It is defined by a simplified
version of Eyring's rate equation (equation 1.1):
rate of flow = K sinh ( (1.23)
where k is Boltzmann's constant, T is the equivalent shear stress, T is the absolute temper-
ature, and K and V are constants to be determined.
The model of Haward and Thackray (1968) was shown to adequately capture major
features of the stress-strain behavior of cellulose nitrate, cellulose acetate, and PVC, over
a range of temperatures (23 0 C, 49°C, and 54°C) and strain rates (3x10 - 5 s- 1 to 2x10 - 2
s-1). More importantly, Haward and Thackray's mathematical model provided a conceptual
framework upon which future constitutive models would be built. In these future models,
the specific mathematical functions of the constituent components would become more
refined, and the equations would be generalized to three dimensions. However, all of the
models would retain the basic structure outlined by Haward and Thackray, whereby the
total deformation resistance is decomposed into the contributions from intermolecular forces
(linear elasticity and viscoplastic flow) and entropic resistance (rubber elasticity).
Among others, Argon (1973) agreed with the overarching concept of Haward and Thack-
ray's thermoplastic model. As reviewed in section 1.1, Argon proposed new theory in regards
to the initiation of plastic flow in glassy polymers. Argon's ideas would ultimately serve to
refine the understanding and treatment of the intermolecular deformation resistance. His
work was motivated in particular by two significant experimental findings: 1) the pressure
dependence of the yield stress in many polymers is paralleled by the pressure dependence
of the shear modulus (Brown, 1971), and 2) the temperature dependence of the yield stress
is related to the temperature dependence of the shear modulus (Argon et al., 1968). Argon
developed an expression for the free energy barrier to molecular mobility (equation 1.6) by
approximating the molecular chains as elastic cylinders embedded in an elastic medium.
With appropriate simplifications, and ignoring the explicit pressure dependency, the ex-
pression for the free energy barrier may be written as:
5-vAG = _1 2 - (1.24)
where T is the shear stress, p is the shear modulus, v is the Poisson ratio, and w and
a are geometrical parameters of idealized polymer molecule. This free energy barrier is
inserted into a rate equation describing the thermally-activated and distributed nature of
macroscopic plastic flow:
= o ]exp (1.25)
Where j0o is a pre-exponential frequency parameter, k is Boltzmann's constant, and T is
the absolute temperature.
Though mathematically similar to the rate equation of the Eyring theory (1936), Argon's
equations (1973) had a stronger physical basis, making them specific to plastic flow in glassy
polymers. Compared to the form used by Haward and Thackray (equation 1.23), the Argon
model described a much more complex intermolecular resistance to plastic deformation.
Argon's theory suggested the existence of a barrier to plastic flow - a "shear resistance" -
which was implicitly dependent on both temperature and pressure through the temperature
and pressure dependence of the shear modulus.
Argon's description of intermolecular deformation resistance would later be coupled with
Haward and Thackray's model scheme to form the Boyce-Parks-Argon ("BPA") constitutive
model for glassy polymers (Boyce, Parks, & Argon, 1988c). This constitutive model was
fully three-dimensional, following a finite-strain kinematic framework originally outlined by
Onat and co-workers (Fardshisheh & Onat, 1972; Onat, 1988). In all three components of
the model, the material description was refined to better account for the rate-, temperature-
, and pressure-dependence of material response to large deformations, as well as the "strain
softening" phenomenon (figure 1-1; discussion page 18).
The stress of the elastic spring was again calculated through Hooke's Law, this time in
three dimensions:
T = -Le [ln F e ] (1.26)
Where T is the Cauchy (true) stress tensor, J = detF e is the elastic volume change, Le is
the fourth-order modulus tensor, and In F e is the Hencky strain, derived from the elastic
component of the deformation gradient. The modulus tensor is characterized by two elastic
constants, such as the shear modulus I and the bulk modulus r,:
Le = 2/- + r- M I I (1.27)
where I and I are the fourth-order and second-order identity tensors, respectively. In this
model, the two elastic constants are assumed to both be functions of temperature.
As in Haward and Thackray's model, the description of the entropic resistance is taken
from rubber elasticity theory. Specifically, Boyce et al. use the non-Gaussian statistical
mechanics network model of Wang and Guth (1952) to define the principal components of
entropic back stress, Bi:
Bi=R-1 Vp
B'e t= h 3 Vip - 3j=t e Vp -  (1.28)
where the Vip are the principal components of the left plastic stretch tensor and £-1 is the
inverse Langevin function, defined by £(3) - coth/3 - •. The constants to be determined
are: N, the number of rigid links between chain entanglements, and CR, the rubbery
modulus (a function of temperature).
Finally, the rate of viscoplastic flow in the Boyce-Parks-Argon constitutive model (1988c)
is described by Argon's theory (1973):
SP=Yoexp [- T 1 -(i ())] (1.29)
Where two lumped parameters, A and s, have been introduced for simplicity. A, which
includes the geometrical parameters of Argon's idealized molecule, is taken to be a constant
with regards to rate, temperature, pressure, and deformation state; its value is determined
from experimental yield data. The parameter s, on the other hand, is implicitly dependent
upon temperature, as its initial value is proportional to the shear modulus:
0.077pu
so = (1.30)
1-v
Based on Argon's analysis, the shear yield strength T will approach so as the absolute
temperature tends towards zero. Thus, s is deemed to be the "athermal shear strength"; it
essentially represents the polymer's intrinsic shear resistance. That is, the shear resistance
in the absence of any thermal motion or thermal activation. As plastic deformation occurs,
the macromolecular structure is thought to re-arrange in such a way that the intermolecular
barrier to plastic flow decreases. This phenomenon, known as strain softening, is captured
in the Boyce-Parks-Argon model through an evolution in the shear resistance s:
A= h 1 - 8 (1.31)
where h is the softening slope (a fitting parameter), and ss, represents the "steady-state"
or preferred value of the shear resistance. Finally, Boyce et al. suggest that the shear
resistance also be modified to capture the effects of hydrostatic pressure:
S=s + ap (1.32)
where p is the pressure and a is a pressure coefficient. Thus, in their implementation of
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Figure 1-26: PMMA rate-dependent tensile stress-strain behavior: Boyce-Parks-Argon con-
stitutive model predictions vs. experimental results (Boyce et al., 1988c).
plasticity in the constitutive model, Boyce, Parks, and Argon have taken Argon's theory for
viscoplastic flow (1973) and consolidated the intermolecular shear resistance into a single
parameter, 9. This parameter is explicitly dependent upon pressure and deformation state,
and implicitly dependent on temperature. Though it is neither implicitly not explicitly
dependent on strain rate, the authors hint to this possibility for future versions of the
model.
As part of her doctoral thesis work, Boyce (1987) implemented the constitutive model
numerically for use with a commercial finite element code. In figure 1-26, the numerical
predictions of PMMA tensile behavior are compared against experimental results. The
model is shown to capture very well the characteristic features of the stress-strain curves,
including initial elasticity, global yield, strain softening, and strain hardening. Over the next
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Figure 1-27: Three-chain model representation of a molecular network in (a) undeformed,
(b) uniaxial extension and (c) biaxial extension configurations (Arruda & Boyce, 1993a).
few years, the model would prove successful in predicting the behavior of glassy polymers in
varying loading conditions (Boyce, Parks, & Argon, 1988a, 1988b, 1989; Boyce & Arruda,
1990; Boyce, Montagut, & Argon, 1992a). Not only did this model successfully capture
phenomenological features of the mechanical behavior, but it do so from a sound physical
basis, considering both micromechanisms of plastic flow as well as the effects of an evolving
molecular network. The significance of the Boyce-Parks-Argon model is underscored by the
fact that it brought together current theories of macromolecular physics with recent work
in the fields of statistical mechanics, continuum mechanics, and computational mechanics.
The next notable installment in the evolution of the Boyce et al. constitutive model
came in 1993, when Arruda and Boyce (1993a, 1993b) proposed a revision to the definition of
the network resistance. At the time, a number of physically-based rubber elasticity models
existed. These statistical mechanical models are generally defined by two main elements:
the mathematical description of single-chain behavior, and the multi-chain representation
of a macromolecular network. While most models described single chain behavior with a
non-Gaussian formulation, they varied in their representation of the network. In the Wang
and Guth model (1952) employed by Boyce, Parks, and Argon (1988c), three non-Gaussian
chains arranged perpendicular in a unit cube (figure 1-27) are used to predict the entropic
forces associated with large deformation. Arruda and Boyce (1993b) found this particular
model, among others, incapable of predicting a dependence of the stress-stretch behavior on
the deformation state. However, the classical rubber elasticity data of Treloar (1944) clearly
showed a different stress-stretch curve for uniaxial extension vs. pure shear. Furthermore,
Arruda and Boyce (1993b) found existing models which sampled all possible molecular
orientations to be mathematically very cumbersome (see, for instance, Treloar, 1975).
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Figure 1-28: Eight-chain model representation of a molecular network in (a) undeformed,
(b) uniaxial extension and (c) biaxial extension configurations (Arruda & Boyce, 1993a).
Ultimately, Arruda and Boyce suggested a rubber elasticity model of their own design
(1993b), which they then inserted into the Boyce-Parks-Argon constitutive model in place
of the Wang and Guth (1952) form of network resistance (Arruda & Boyce, 1993a). In
the Arruda-Boyce rubber elasticity model, the network is represented with eight centrally-
connected non-Gaussian chains in a unit cube (figure 1-28); it is alternately referred to as
the "eight-chain model". With just two physically-based parameters, this model represents
a mathematically efficient way to sample all possible molecular orientations. In the eight-
chain model, the principal components Bi of the entropic back stress are given as:
Bi - CR- f (3 L hain I(a)A (1.33)
3 chain
where the Ap are the principal plastic stretches (from FP), the first invariant I, is defined
as:
Ii = (AP) 2 + (AP)2 -+(AO)2  (1.34)
and Achain - is the average plastic chain stretch. With this description of rubber elas-
ticity in place, the revised glassy polymer model was able to successfully predict the strong
deformation state-dependence of the stress-strain behavior of both PC (figure 1-29) and
PMMA (figure 1-30). Furthermore, the model was shown to capture the unique anisotropic
character of the molecular chain network which evolved as a function of the deformation
state (Arruda & Boyce, 1993a; Boyce, Arruda, & Jayachandran, 1994). The critical revision
in the formulation of the Boyce et al. (1988c) constitutive model proposed by Arruda and
Boyce (1993a) greatly enhanced its functionality. Previously, model parameters determined
in tension tests only capably predicted material response in tension-dominated deformation
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Figure 1-29: PC stress-strain behavior in uniaxial compression and plane strain compression:
Arruda-Boyce constitutive model predictions vs. experimental results (Arruda & Boyce,
1993a).
modes. Now, model parameters determined from experiments in one deformation mode (e.g.
uniaxial compression) could be used to predict material response in any other mode, homo-
geneous or not. Coupled with contemporary finite element procedures, this revision enabled
the model potential to be fully realized, as an engineering tool for efficiently designing and
evaluating polymeric components.
Soon afterwards, the model was refined again in order to enhance its functionality as
an engineering design and analysis tool. Specifically, Arruda, Boyce, and Jayachandran
(1995) proposed revision to the treatment of both temperature and strain rate effects in
the model. These revisions were motivated in part by the results of uniaxial compression
testing on PC and PMMA at a variety of temperatures (20 0C, 500C, 75 0C) and strain rates
(0.001 s - 1, 0.01 s - 1, 0.1 s-l1). The corresponding stress-strain calculations, in conjunction
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Figure 1-30: PMMA stress-strain behavior in uniaxial compression and plane strain com-
pression: Arruda-Boyce constitutive model predictions vs. experimental results (Arruda &
Boyce, 1993a).
with infrared specimen temperature measurements, provided key information in regards
to the coupling of thermal and mechanical response in glassy polymer behavior. Arruda
et al. (1995) proposed, for one, altering the kinematic framework in order to capture the
effects of thermal expansion. Following the routine delineated by Weber and Boyce (1989),
the total deformation gradient was multiplicatively decomposed into three components: Fe
(elastic), F p (plastic), and Fth (thermal expansion). Arruda et al. also suggested a more
sophisticated treatment of the temperature dependence of the rubbery modulus, CR (= nkT,
where n is the chain density). In this version of the model, the chain density was given a
temperature dependence in accordance with the theory and birefrigence measurements of
Raha and Bowden (1972):
n(T) = B- Dexp ( (1.35)
where R is the universal gas constant, B and D are constants to be determined, and Ea is
the thermal dissociation energy. Values for B, D and Ea were given by Raha and Bowden
(1972) and used directly in this model. Furthermore, Arruda et al. required that
n(T)N(T) = constant (1.36)
in order to conserve mass in the system. Thus, the limiting chain extensibility (v-N) also
was indirectly given a temperature dependence, calculated from equation 1.36.
With all of these temperature-dependent effects built into the model, it was finally
necessary for Arruda et al. (1995) to prescribe a method for calculating temperature rise in
the polymer under adiabatic conditions. It was assumed that the work of the entropic back
stress is stored energy, while the inelastic work associated with the viscoplastic dashpots is
purely dissipative. Therefore, from the first law of thermodynamics, the temperature rise
in the polymer is given as:
- trace(T*'DP) (1.37)
pc
where T*' is the deviatoric component of the driving stress (stress acting on the dashpot),
DP is the rate of plastic stretching, p is the material density, and c is the specific heat. These
methods were thoroughly tested against experimental data using thermomechanically-coupled
finite element simulations of the uniaxial compression tests. The finite element model suc-
cessfully predicted the isothermal-to-adiabatic transition observed experimentally, as well as
the corresponding thermal expansion and thermal softening of the polymer under adiabatic
conditions. In all cases, the material model capably predicted the measured stress-strain
curve.
Over the last fifteen years, other application-specific modifications to the constitutive
model have been proposed. Hasan, Boyce, Li, and Berko (1993) introduced a variant form
of the model to capture the effects of physical ageing and thermal history. Later, Hasan and
Boyce (1995) proposed changes to the model to enable it to predict non-linear viscoelasticity.
In 1998, Bergstrom and Boyce extended the model framework to the behavior of elastomeric
materials. For this particular application, the model structure was altered slightly from
that introduced by Haward and Thackray (figure 1-25). In the Bergstrom-Boyce model,
the elastic spring and dashpot are in series, both parallel to the non-linear entropic spring;
the two sides of the model represent the equilibrium and time-dependent non-equilibrium
components of elastomeric material response. The Bergstrom-Boyce model later proved
successful in predicting the behavior of both filled elastomers (Bergstrom & Boyce, 2000)
and soft, biological tissues (Bergstrom & Boyce, 2001).
More recently, a new constitutive model was proposed for the behavior of amorphous
polymers (Mulliken, 2004), framed within the kinematics of Bergstrom and Boyce (1998,
2000). This model, developed especially for predicting behavior under high rates of defor-
mation, is the subject of Chapter 2 of this thesis.

Chapter 2
Preliminary Experiments and
Proposed Constitutive Model
An initial investigation into the high-rate mechanical behavior of amorphous polymers was
presented by the author in a Master of Science thesis to the Department (Mulliken, 2004).
For this thesis, a wide range of experimental results were analyzed, ultimately leading to
a new constitutive model for the rate- and temperature-dependent finite strain behavior of
amorphous polymers. In this chapter, both the experimental results and proposed consti-
tutive model of Mulliken (2004) are revisited. Where appropriate, additional experimental
data and analysis have been added, and slight adjustments in the constitutive model are
suggested. In subsequent chapters of the dissertation, more comprehensive revisions and
refinements of the model are proposed.
Portions of this chapter have been reprinted from International Journal of Solids and
Structures, Vol. 43, A.D. Mulliken and M.C. Boyce, "Mechanics of the rate-dependent
elastic-plastic deformation of glassy polymers from low to high strain rates", pages 1331-
1356, copyright 2005, with permission from Elsevier.
2.1 Introduction
The combined experimental and analytical research program of this study was developed
in consideration of the broad base of knowledge and theory that has been established in
the literature. On the experimental side, investigation of viscoelastic behavior was chosen
as one focal point, in order to gain more fundamental understanding of the material tran-
sitions, and to further the linkages between material viscoelastic, yield, and stress-strain
behavior. The effects of these transitions (a, 3) on yield and post-yield behavior over a wide
range in strain rates, extending up to 1000 s- 1, was then experimentally explored in large
strain compression testing. On the analytical side, the concept of decomposing material
resistance to elastic deformation and to initial yield into contributions from two different
molecular processes (see, for instance, Bauwens et al., 1969) proved central to the analysis
and modelling techniques introduced here.
2.2 Materials
Two amorphous polymers were chosen for investigation in this study: Lexan® 9034 polycar-
bonate manufactured by GE Plastics, and Plexiglas@ G poly(methyl methacrylate), man-
ufactured by Altuglas. All specimens were machined directly from sheet stock and stored
in a dessicator cabinet for 3-5 days prior to testing to eliminate any variability in the data
caused by changing humidity levels. The Plexiglas G PMMA sheet is produced through a
traditional cell cast method, and thus little molecular chain orientation is expected in the
as-cast sheet. The PC sheet, on the other hand, is produced through an extrusion process
and is known to exhibit slight chain orientation in the extrusion direction. While this ori-
entation may significantly affect the accessibility of various local failure modes in certain
loading situations, it has little to no effect on the viscoelastic, yield and post-yield behavior
during uniaxial compression.
2.3 Dynamic Mechanical and Thermal Analysis
2.3.1 Experimental Method
Dynamic mechanical and thermal analysis experiments were performed on a TA Instruments
Q800 Dynamic Mechanical Analyzer (DMA). Rectangular PC and PMMA specimens were
machined from sheet stock approximately 1.6 millimeters thick; final specimens had approx-
imate dimensions of 20 mm x 3 mm x 1.6 mm. The specimens were loaded in the DMA
with a tensile pre-load (0.01 N); displacement control mode was used to oscillate about the
pre-strain level such that total strain levels never exceeded 0.1% at temperatures below Tg.
Materials were first tested over the entire temperature range of the DMA instrument - from
-140 0C to 1800C - at a frequency of 1 Hz. The storage modulus and loss modulus were
measured as a function of temperature, and the corresponding loss tangent was calculated.
In this manner, a storage modulus "reference curve" was established for each material, and
approximate temperature locations of significant material transitions could be determined.
The two materials were then tested at frequencies of 1 Hz, 10 Hz, and 100 Hz, over small
ranges in temperature around the identified material transitions. The particular frequen-
cies of these tests corresponded to strain rates over the range 1.9x10 - 3 s- 1 to 3.2x10- 1
s- 1, depending on the exact specimen gage length and displacement amplitude prescribed.'
Again, storage modulus and loss modulus information was recorded, and corresponding loss
tangent calculations were made.
2.3.2 Results and Analysis
Representative storage modulus and loss modulus curves taken at 1 Hz for PC and PMMA
are plotted in figures 2-1 and 2-2, respectively. In both storage modulus curves, there is clear
evidence of a glass (a) transition, through which the storage modulus drops off by three
orders of magnitude. In the case of PC (figure 2-1), this transition is centered around 150 0 C;
for PMMA (figure 2-2), it is centered around 115 0 C. As expected, the loss modulus curves
exhibit a relative maximum in the region of these glass transitions. For both materials, the
a-transition is associated with restricted rotations and translations of large segments of the
polymer main chains.
The loss modulus curves of figures 2-1 and 2-2 may also act to identify the temperature
location of the secondary (,) viscoelastic transitions of PC and PMMA. In the PC curve
(figure 2-1), there is a ,-peak located at approximately -95oC - far enough away from the
a-peak that the corresponding effect on the storage modulus curve is clear. The storage
modulus drops from -3 GPa at -100 0 C to -2 GPa at -25°C and then to -1.7 GPa at 100 0 C.
For PC, the P-transition is taken to be correlated with the molecular mobility of shorter
segments (approximately seven monomer units) of the main chain.
1The test frequency is converted to a strain rate by examining one-quarter of a cycle in the sinusoidal load program.
The time duration of this quarter cycle is known from the test frequency, and the strain amplitude achieved during
this time can be calculated from the prescribed displacement amplitude and the known specimen gage length. The
increase in strain over this time is approximated to be linear, and thus an average strain rate can be calculated:
strain ig _ 4wdo (2.1)
time 1 1 9 l
Where do is the displacement amplitude and 19 is the specimen gage length.
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Figure 2-1: PC storage modulus (solid line) and loss modulus (dashed line) as a function of
temperature at 3.2x 10- 3 s- 1 (1 Hz). The loss modulus peaks centered at -950 C and 150 0C
correspond to the f and a transitions, respectively.
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Figure 2-2: PMMA storage modulus (solid line) and loss modulus (dashed line) as a function
of temperature at 2.1x10 - 3 s- 1 (1 Hz). The loss modulus peaks centered at 150 C and 115 0 C
correspond to the 3 and a transitions, respectively.
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Figure 2-3: PC loss tangent (tanS) as a function of temperature and strain rate in the region
of the a (a) and 3 (b) transitions.
Table 2.1: Shift of PC and PMMA viscoelastic transitions (tanS) with strain rate.
Shift ofa-transition Shift of P-transition
[oC/decade strain rate] [oC/decade strain rate]
PC 4.7 15.3
PMMA 11.1 25.2
In the case of PMMA (figure 2-2), the large ,-peak overlaps the a-peak a considerable
amount at this frequency, and thus only one combined effect is seen in the storage modulus
reference curve. The storage modulus drops from -5 GPa at -100 0C to ~4 GPa at -25 0 C
and then to -1.5 GPa at 100'C. The PMMA ,-transition, centered at 150C, is correlated
with the mobility of the ester side groups with respect to the main chain.
Further DMA testing was conducted in order to determine the rate-dependent shifts of
the transition locations. Using the locations identified in figures 2-1 and 2-2, small ranges
of temperature in the region of the a and 3 transitions were examined at 1 Hz (,10- 3 s-l),
10 Hz (_10 - 2 s- 1), and 100 Hz (-10-1 s-1). In figure 2-3, representative PC loss tangent
(tand) curves in the region of the a and 3 transitions are plotted as a function of temperature
and strain rate. The p-transition is observed to shift to higher temperatures with increasing
strain rate, according to an Arrhenius-type relation. By tracing the precise temperature
location of the 3-peak with increasing strain rate, the shift factor was quantified: the PC
13-transition was found to shift approximately 15.3 0C per decade increase in strain rate.
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An identical procedure was used to quantify the rate-dependent shifts of the a and 3
transitions of both PC and PMMA - the results are summarized in table 2.1.2 While in
all cases the rate-dependent shift was found to be Arrhenius in nature, testing over a wider
range of frequencies would likely indicate that the a-transition shifts are better described
by either the Williams-Landel-Ferry (WLF) or Vogel-Fulcher-Tammann (VFT) model. In
that case, the rate-dependent shift of the a transitions could not be characterized by a
single parameter, as we have shown here.
In order to predict the elastic behavior at all strain rates and temperatures, the DMA
data over the tested frequency and temperature conditions is utilized together with a novel
time-temperature shift that takes into account the different rate dependencies of the a and
3 transitions. The specific techniques are borne from the same concept which underlies the
Ree-Eyring yield models (see, for instance, Bauwens-Crowet et al., 1972): total deformation
resistance may be decomposed into the contributions from different thermally-activated
processes, each with their own unique rate and temperature dependencies. In this case, the
analytical approach enables accurate characterization of the rate-dependent elastic behavior
at the high strain rates (>1000 s- 1) experienced during ballistic impact events.
As a first step, the storage modulus reference curves of PC (figure 2-1) and PMMA
(figure 2-2) were each analytically decomposed into an a-component and a f-component,
based on clues in the storage modulus and loss modulus curves. For the case of PC, the
structure of the storage modulus reference curve lends itself well to decomposition: as the
curve is traced with decreasing temperature, a significant upturn appears at approximately
-25°C. Based on the loss modulus measurements, this upturn is observed to correlate with
the onset of the restriction of the P-process. Following this analysis, the PC storage mod-
ulus reference curve was separated into an a- and a P-component, as shown in figure 2-4.
These components were then taken to shift with strain rate by the amounts determined via
experimental examination of the transition locations, summarized in table 2.1. The entire
modulus curve could then be reconstructed for any particular strain rate by first shifting
the components of the reference curve by the appropriate amounts, and then summing the
components at every temperature.
2Shift factors are determined from temperature locations of the a and 3 peaks in the tan3 curves.
Alternatively, shift factors could be determined by tracking the a and , peaks in the loss modulus curves.
For PC and PMMA in this study, shift factors differ by 1-2°C/decade strain rate when the loss modulus is
used rather than tan 6.
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Figure 2-4: PC elastic modulus curve at 3.2 x 10- 3 s- 1 decomposed into a and 3 components.
Curves have been generated from polynomial fits of the split data.
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Figure 2-5: Model prediction of the PC elastic modulus curve at five strain rates: 10- 4 S- 1
to 104 s- 1. The vertical dashed line represents room temperature (298 K).
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This decompose/shift/reconstruct (DSR) method enables the prediction of the elastic
modulus of PC and PMMA at temperatures and strain rates well beyond the capabilities
of the DMA instrument. Figure 2-5 shows the DSR model prediction of the PC elastic
modulus curve at five different strain rates, ranging from 10- 4 s- 1 to 104 s- 1. The curve
not only shifts to the right (increased temperatures) with increasing strain rate, but it also
changes shape due to the different shift factors of the a and / components of the curve.3
Perhaps more significantly, this DSR method can also be used to predict at what strain
rate we would expect to observe a significant transition in material behavior. Assuming
that this significant material transition - most often observed in the yield behavior of the
polymer - is brought on by the restriction of the same molecular motion associated with the
,-transition of the viscoelastic behavior, we may look to the shifting p-transition in figure
2-5 to predict the transition strain rate. Again, this /3-transition is identified by the upturn
in the storage modulus curve. At strain rates of about 1 s- 1 and lower, the upturn has
not yet shifted past room temperature (vertical dashed line) - the small-scale main-chain
0-motions of PC are not yet restricted, and the p contribution to the overall elastic modulus
is negligible. However, as the strain rate is increased to 100 s- 1, the transition shifts past
room temperature and the p contribution rapidly becomes more significant with increasing
strain rate. Since the same basic mechanisms which govern elasticity in amorphous polymers
also govern yield and viscoplastic behavior, we would expect to observe a transition in the
room temperature yield behavior of PC at a similar strain rate - about 100 s- .
Application of the DSR method to the PMMA data was not as straightforward as it
was in the case of PC, mainly because of the interaction between the a and 3 processes
across almost every temperature at the reference strain rate. A suitable decomposition of
the storage modulus data (figure 2-6) was developed not only from the PMMA storage and
loss modulus curves, but also from the methods which best suited the PC decomposition.
Combining this analytical decomposition with the experimentally-derived shift factors for
the a and , processes, again it was possible to predict at what strain rate we would expect
to see a significant transition in the PMMA yield behavior at room temperature. Figure
2-7 shows the PMMA elastic modulus at six different strain rates, as predicted by the DSR
model, along with a vertical dashed line representing room temperature. Based on the
3Note that this behavior could be alternatively captured with an implementation of linear viscoelas-
tic theory, by considering multiple relaxation processes such as in a Prony series representation. Further
discussion on this topic is given in Chapter 6.
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Figure 2-7: Model prediction of the PMMA elastic modulus curve at six strain rates: 10-6
s- 1 to 104 s- 1. The vertical dashed line represents room temperature (298 K).
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curves of this figure, the PMMA transition is expected to occur at a strain rate between
10- 5 s- 1 and 10- 4 s- 1.
In modelling both the PC and PMMA modulus with this DSR technique, it is probable
that the predictions at and above the glass transition will be unsatisfactory, especially at
very high rates. This is due to the treatment of the a-transition as an Arrhenius phe-
nomenon, when in fact its rate-dependent shifting would be better described with either a
WLF or VFT equation. Nonetheless, the data measured from 1 Hz to 100 Hz indicated a
linear relationship between T, and log(w); it is expected that this would still be a good
approximation for at least 2-3 decades higher in frequency. Furthermore, we are primarily
concerned with behavior well below the glass transition, even when considering the heat
evolved under (high-rate) adiabatic deformation. For other material systems with a lower
glass transition temperature, this will be a concern which requires closer attention.
2.4 Uniaxial Compression
2.4.1 Experimental Method
Uniaxial compression tests were carried out on PC and PMMA over seven decades of strain
rate: 10- 5 s- 1 to approximately 6000 s- 1. Uniaxial compression was selected as the de-
formation mode because it dictates a homogeneous stress and deformation state to large
strains, making interpretation of the data straightforward. Low to moderate rate test-
ing (10- 5 s- 1 to 1 s- 1) was conducted on an Instron servo-hydraulic testing machine. A
specially-designed feedback loop between the extensometer (which locally measures the cur-
rent height of the specimen) and the actuator was used to ensure a constant true strain
rate over the duration of the tests. Thin Teflon sheets were placed between the Instron
platens and specimen surfaces; WD-40 lubricant was used between the Teflon sheets and
platens. The lower platen was fit with a spherical seat, to compensate for any small mis-
alignment. All specimens were of right circular cylinder geometry, with diameter of 12.7
millimeters and length of 6.35 millimeters. Specimens were machined down from sheet stock
of thickness greater than 6.35 millimeters, with a parallel-face tolerance of less than three
one-hundredths of a millimeter. This particular length-to-diameter ratio (1:2) was chosen
in order to be consistent with the geometry of the high rate specimens.
High strain rate testing (700 s- 1 to 6000 s- 1) was performed on a compressive split-
Hopkinson bar test apparatus designed in cooperation with and built by Physics Applica-
tions, Inc. of Dayton, Ohio. This apparatus employs solid aluminum pressure bars, both
with a length of approximately 2.3 meters and a diameter of 19.05 millimeters. The theory
of split-Hopkinson bar testing has been well-documented; see for instance Davies (1948),
Kolsky (1949), or Gray III (2000). Recently, issues unique to testing low-impedance, low
yield strength materials such as glassy polymers have been a topic of research for several
investigators; this line of work is summarized by Gray III and Blumenthal (2000).
Specimens for split-Hopkinson bar testing were also of right circular cylinder geometry.
Previous work has suggested that length-to-diameter ratios of 1:2 or less are necessary in
the testing of low-impedance materials, in order to minimize wave attenuation in the strain
gage signals (Gray, Blumenthal, Trujillo, & Carpenter, 1997; Chen et al., 1999). Also,
a length-to-diameter ratio of 1:2 has been shown to be optimal in negating the effects of
radial and longitudinal inertia in the specimen (Davies & Hunter, 1963). Thus, for most
tests, the split-Hopkinson bar specimens were machined to a diameter of 5 millimeters
and length of 2.5 millimeters. Since PMMA deformed in a ductile manner over such a
narrow range of striker bar velocities, additional tests were conducted on this material in
a different geometry. Thinner specimens (diameter = 5 millimeters, length = 2 mm) were
used to extend tests to larger strains. Results showed no dependence of specimen geometry
on the measured stress-strain behavior. All specimens were lubricated with a thin layer
of petroleum jelly on both faces, and little to no barrelling was ever observed. Dynamic
equilibrium was achieved before yield in all tests, due to the short specimen lengths. Since
DMA testing was used to characterize the rate-dependent elastic moduli, the pre-yield data
at high rates was not of consequence and therefore pulse-shaping was unnecessary.
2.4.2 Results and Discussion
During low to moderate rate compression testing on the servo-hydraulic instrument, both
PC and PMMA specimens deformed in a ductile manner up to the tested true strain of
0.80, corresponding to a deformed height ratio h/ho = 0.45. The homogeneous nature of
the deformation was confirmed via post-mortem analysis of the test specimens; little to no
barrelling was observed in either the PC or PMMA.
In the case of high rate testing, the PC specimens deformed in a ductile manner over
the tested strain rates, ranging from 1200 s- 1 to 4000 s- 1 (true strain rate at yield). In
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Figure 2-8: True stress-true strain behavior (solid lines) and corresponding strain rate
histories (dashed lines) for (a) PC, -5050 s- 1 and (b) PMMA, -1500 s- 1.
the PMMA tests, brittle failure of the specimens occurred prior to yield at strain rates
above 2000 s-1. At rates lower than 2000 s- 1, yield and significant post-yield deformation
were observed prior to a brittle failure. In both materials, true strain rates were found
to vary over the duration of the tests. However, despite the absence of pulse-shaping
techniques, the strain rate varied no more than 25% for both PC and PMMA. Figure 2-8
shows representative true strain rate histories, along with the corresponding true stress-true
strain curves, for tests on PC and PMMA where the greatest variation in strain rate was
observed.
The results of all uniaxial compression testing of PC are summarized in figures 2-9 and
2-10. Figure 2-9 provides a comparison of representative high-rate true stress-true strain
curves (1350 s- 1, 3900 s- 1, and 5050 s- 1) with representative low to moderate rate curves
(10- 3 s - 1, 10-2 s - 1 , 10-1 s - 1, and 1 s-l1). All of the curves indicate the expected features
of material response to large-strain uniaxial deformation: initial linear elasticity, non-linear
transition to global yield, followed by strain softening and subsequent strain hardening. It is
observed that, in general, the relative significance of each of these features remains constant
through this range of strain rates.
Figure 2-10 shows the PC yield strength as a function of strain rate across all of the
tested strain rates. Within the low to moderate rate regime, the yield stress is found
to increase linearly with the logarithm of strain rate, indicating that yield behavior in
this regime could be accurately explained and/or predicted in terms of a single activated
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Figure 2-9: Representative curves of PC true stress-true strain behavior in uniaxial com-
pression at seven low, moderate, and high rates. Reported high strain rates are averages
over the duration of the tests.
process. This finding is in agreement with the work of Bauwens et al. (1969), Walley and
Field (1994), and Moy et al. (2003), among others. In the high-rate regime, again the yield
strength is found to increase in an approximately linear fashion with the logarithm of strain
rate. However, the slope of the data line is much greater in this high-rate regime. It is clear
that PC undergoes a significant material transition as the strain rate is increased beyond
a certain critical level, located between the test capabilities of the servo-hydraulic machine
and the test capabilities of the split-Hopkinson bar apparatus. The yield data generated
here indicates that the transition is centered around a strain rate of approximately 150 s- ;
this transition strain rate is consistent with the DSR model prediction.
The results of all uniaxial compression testing of PMMA are summarized in figures 2-11
and 2-12. Figure 2-11 shows representative true stress-true strain curves for PMMA across
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all of the tested strain rates. In this case, the characteristic shape of the stress-strain curve
is not the same at all rates. At moderate strain rates, the PMMA exhibits significantly
more post-yield softening than at low strain rates, as also seen in the work of Arruda et al.
(1995). The increased softening effect has been shown to be due to non-isothermal test
conditions as the strain rate is increased. A fraction of the plastic work is converted to
heat, and thus the polymer experiences thermal softening with increased plastic straining
when the strain rate is sufficiently high such that all of the heat is not transferred out of
the specimen. The flow stress of PMMA is more temperature sensitive than that of PC,
and therefore thermal softening is clearly apparent only in the PMMA data.
The yield stress of PMMA over all of the tested strain rates is documented in figure
2-12. In this case, the material transition seems to occur entirely within the strain rate
regime accessed in quasi-static testing, where the yield stress is found to increase in a non-
linear fashion with the logarithm of strain rate. This result is consistent with the work
of Bauwens-Crowet and Homes (1964) and Roetling (1965b). Though the DSR model for
PMMA predicted a material transition, related to the restriction of ,-motions, at a strain
rate between 10- 5 s- 1 and 10- 4 s- 1, figure 2-12 shows a kink in the yield data close to 10-2
s- 1. However, yield data could not be obtained at strain rates lower than 10- 5 s- 1. It is
possible that the yield curve begins to deviate slightly from linearity at 10- 5 s- 1 to 10- 4
s- 1, but changes only become pronounced at strain rates two to three decades higher. Such
a finding would be consistent with the distributed nature of the viscoelastic 3-transition
observed in the PMMA loss modulus data of figure 2-2; in this figure, the 1-peak at a strain
rate of 10- 3 s- 1 is observed to span two hundred and fifty degrees in temperature.
The experimental yield data presented here, especially in the case of PC, validates the
DSR method as an analytical technique for predicting transitions in the rate-dependent
behavior of amorphous polymers. With this tool, it will be possible to evaluate different
polymers as potential materials for high-rate applications, based on a desire to exploit
changes in the rate-dependent behavior. Also, the combined analytical and experimental
results presented thus far serve to reinforce the postulated link between the transition in the
yield behavior of amorphous polymers and the rate dependence of the a and 3 transitions
in the viscoelastic behavior. Finally, with new insight, this fundamental understanding of
the material transitions will be used as the foundation for a proposed constitutive model
for the three-dimensional rate-dependent finite strain deformation of amorphous polymers.
2.5 Constitutive Model
The constitutive model proposed builds upon prior modelling of the three-dimensional rate-,
temperature-, and pressure-dependent finite-strain deformation of thermoplastic materials.
The original model was introduced in its components by Boyce et al. (1988c) and Arruda
and Boyce (1993b, 1993a). The model has been shown to be predictive of the stress-strain
behavior of PC (Arruda & Boyce, 1993b; Boyce et al., 1994) and PMMA (Boyce et al., 1988c;
Arruda et al., 1995) at low to moderate strain rates (10- 3 s- 1 to 1 s- 1), at temperatures
from 20 0 C to 90'C, and in four states of deformation: plane strain compression, simple
shear, uniaxial tension, and uniaxial compression. Previously, the model had not been
tested against high rate or low temperature data. Here, we propose revisions to the model
in order to provide predictive capabilities for high rate and low temperature loading.
Following the structure originally described by Haward and Thackray (1968), the three-
dimensional model of Boyce and co-workers (1988, 1993) has three components: a linear
elastic spring, a viscoplastic dashpot, and a non-linear Langevin spring. The dashpot and
elastic spring act in series, with the non-linear spring in parallel to both. Inherent in this
model structure is the assumption that the resistance to deformation may be decomposed
into two parts: intermolecular resistance to chain-segment rotation (elastic spring and vis-
coplastic dashpot), and entropic resistance to chain alignment (Langevin spring). In the
proposed constitutive model, it is assumed that the intermolecular deformation resistance
may be further decomposed into the contributions from multiple rate-activated processes,
each associated with a distinct molecular-level motion.
As in most practical applications of the Ree-Eyring yield theory (see, for instance,
Bauwens et al., 1969) the proposed model only considers the primary (a) process and the
most significant secondary process (/3). PC and PMMA data indicates that the contributions
from other secondary processes are either hidden within the contribution of the 3-process,
or are non-existent over the range of temperatures and strain rates capable in mechanical
testing. The a-process is associated with rotations of large segments of the polymer main-
chain; in the previous model of Boyce et al., the elastic-viscoplastic component was meant
to simulate this process only. The proposed model considers a second, 3-component to the
intermolecular resistance: in the case of PMMA, it is associated with restricted rotations
of the ester side-group; in the case of PC, it is restricted rotations of shorter main-chain
Figure 2-13: A one-dimensional rheological interpretation of the proposed constitutive
model for rate-dependent thermoplastic behavior.
segments, including phenyl ring 7r-flips. The model assumes that the a and 3 molecular
processes are sufficiently de-coupled, so that overall material response may be approximated
as the simple superposition of the two.
A one-dimensional rheological depiction of the proposed constitutive model is presented
as figure 2-13. In this model, the 3-process is given its own elastic-viscoplastic compo-
nent, in parallel with the existing "a" elastic-viscoplastic component. The two components
have unique material parameter definitions, such that their relative contributions vary with
temperature and strain rate. At high temperatures and low strain rates, the 3-component
will be fairly compliant, and most, if not all, intermolecular resistance will be generated
in the elastic spring and viscoplastic dashpot of the a-component. At low temperatures
and high strain rates, the f-process will require stress assistance, and the intermolecular
resistance will be two-part. The entropic hardening definition remains unchanged from the
original model. A fully three-dimensional constitutive model has been built up from this
one-dimensional understanding, beginning with the kinematics of finite strain.
2.5.1 Kinematics
The finite strain kinematic framework of the model follows that presented in Bergstrom
and Boyce (1998, 2000), Boyce, Socrate, and Llana (2000), and Boyce, Kear, Socrate,
and Shaw (2001), with the main difference being that every relationship pertaining to the
intermolecular resistance is developed in duplicate here. Throughout the derivations of this
section, terms relating to the combined elastic-viscoplastic element will be given a subscript
of "A", and terms relating to the entropic hardening element shall be given a subscript
of "B" (as denoted in figure 2-13). All quantities specific to the a and 3 components
will be given those subscripts as well. Boldface type indicates tensorial quantities in this
three-dimensional formulation.
The total deformation gradient F =- Ox/X, mapping a material point from the refer-
ence position X to its current location x, acts in full on each of the three main components
of the model:
FAr = FAo = FB = F (2.2)
The deformation gradients in element A may be multiplicatively decomposed into elastic
and plastic components following Kroner-Lee decomposition (Kroner, 1960; Lee, 1969):
FAQ = F FPA (2.3)
FAp = FApFPA (2.4)
The plastic deformation gradients FP and FP may be interpreted as the mapping of a
material point in the reference configuration to a material point in the "relaxed configu-
ration", obtained by elastic unloading to a stress-free state. Also, it is assumed that all
plastic deformation is volume preserving, i.e. detFP = detFP = 1. Following polar de-
composition of the deformation gradients, the deformation of the relaxed configuration may
be expressed as the product of a stretch and a rotation:
FP = R UP  =VP RP  (2.5)
AA AA Ac A, ( 2. 5A)
F p  = R p Up  = V RA (2.6)
We may examine the rate at which deformation takes place in the body through the velocity
gradient L = LA, = LAo = FAFAA. The velocity gradient is decomposed into elastic and
plastic components:
LA, = L' + F LLp Fe- 1 = L + LP (2.7)
LAp = L + F e LP Fe- 1 =L + L (2.8)
where
A, = AA -P (2.9)
A= Ap (2.10)
and DpA and DAp (symmetric tensors) represent the rates of plastic stretching in the
loaded configuration; similarly, Ai and Wa (skew tensors) are the rates of plastic spin
in the loaded configuration. In this analysis, plastic flow is assumed to be irrotational, i.e.
WAA = WPe = 0. Note that this does not restrict either the elastic or the plastic rotation
tensors to be the identity matrix. It follows, then, that
= Fe-l e FAP Fe-lP FA (2.11)bAA, , A, A, A,
P- = F 1DP Fe =F F 1D)PFA, (2.12)
The final expressions in equations 2.11 and 2.12 are integrated to obtain FP and FP; the
elastic portion of the deformation gradients are then obtained via
FAa = FAcFP; -1  (2.13)
F = FA 1,FP- (2.14)
The kinematics derived here are general; the material-specific model is defined by the con-
stitutive laws which connect the rates of shape change (plastic stretching) with the stress in
the deforming material. Each rate of shape change is given as the product of a magnitude
- the plastic strain rate Pap or ý- - and a direction tensor, NP1A or NoAp
DAc, = - N pAN (2.15)
DA = tPNP (2.16)
where NP and NP are taken to be coaxial with the deviatoric stresses acting on the a
and , components of the intermolecular network (A), respectively:
NP W= (2.17)A, ITA, I
T/'
N p  (2.18)OITI
The material model described here provides constitutive laws for ,p' and ýO,, as well as the
stress tensors TA,, TA, and TB.
2.5.2 Material Description
The intermolecular contribution (element A) to the material stress state is related to the
deformation by the constitutive laws for the linear elastic springs:
1
TA = e [in VL A] (2.19)
TAO = -L~ In V (2.20)
Where TA, (i = a, P) is the Cauchy (true) stress; Ji = detFe is the elastic volume change;
£L is the fourth-order modulus tensor; and In V , is the Hencky strain. It is assumed
that the material is initially isotropic, and that the elastic behavior of the material may be
decomposed into a and 3 components. The modulus tensors may be derived from any two
component-specific elastic constants, such as the shear modulus p and bulk modulus n:
Le = 2/ + Ka 3- a I®I (2.21)
£e = 2p,( + 2- ) II (2.22)
where I and I are the fourth-order and second-order identity tensors, respectively. In
general, the elastic constants are assumed to be functions of both temperature and strain
rate. Experimental data indicates that the pressure-dependence of the elastic constants
should also be considered; this topic is addressed in Chapter 5.
It should be noted here that a more physically realistic description of rate-dependent
elasticity could be given by an implementation of linear viscoelasticity theory into the model,
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rather than a set of elastic springs which provide resistance according to the current strain
rate and temperature. A linear viscoelastic formulation would allow the model to capture
important small-strain phenomena, including creep and stress relaxation. Furthermore,
a viscoelastic formulation would perhaps smooth out any numerical difficulties associated
with fluctuating strain rates and strong gradients in either strain rate or temperature.
These issues are addressed in Chapter 6, where an alternate model formulation is proposed
including instead an linear viscoelastic description of the material elastic behavior. However,
the current formulation is efficient in its implementation and is expected to capture all
important features of material behavior in simulations of high-rate, impact events.
The stress in the non-linear hardening component, the network "back stress" due to
entropic resistance to molecular alignment, is taken to be deviatoric and is defined as in the
earlier models using the Arruda-Boyce 8-chain approximation:
T CR -N 1 Ahin (2.23)
3 A /
where hain = trace(B3)/3 is the stretch on a chain in the eight-chain network; C is the
Langevin function defined by £(,) E coth P - ; B' is the deviatoric part of the isochoric
left Cauchy-Green tensor, B3 = (detF)- 2/3FFT; x is the limiting chain extensibility; and
CR - nkO is the rubbery modulus (where n is the number of chains per unit volume, k
is Boltzmann's constant, and 0 is the absolute temperature). The magnitude of this back
stress increases asymptotically as the chain stretch approaches its limiting extensibility.
The total stress in the polymer is given as the tensorial sum of the a and i intermolecular
stresses and the network (back) stress:
T = TA, + TA3 + TB (2.24)
The effective equivalent shear stresses Ta and -r are given by:
1,
Ta = ATAýa A (2.25)
Tf = T ATp (2.26)
Finally, two constitutive laws are prescribed for the a and f viscoplastic behavior. In
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the most general case, we must consider the forward and reverse progress of both activated
processes:
S ep AGf [ ,+ap,3P)1 (2.27)
S= 2PO exp - sinh so e (2.28)
dy2 lexp\- IkO inh kG J
where 0,i• (i = a, ,) is the pre-exponential factor proportional to the attempt frequency;
AGi is the activation energy; p is the pressure; ap,i is the pressure coefficient; and si is
an internal variable. When this model is restricted to the glassy behavior of amorphous
polymers, as is the case here, it may be assumed the stresses in the a process are sufficiently
high such that the reverse progress of plastic flow may be neglected (see footnote 2, Chapter
1, section 1). Therefore, for most practical applications of the model,
kO ( s + ap,ap)lA-Ggaexp[ k s ha (2.29)
This approximation may not be made on the f-process, however; at low strain rates and
moderate temperatures, the reverse progress of the P-process is non-negligible. Further-
more, its inclusion provides numerical stability during simulations where the deformation
resistance of the P-process is minuscule.
In this definition of polymer viscoplasticity, the internal variable si represents a lumped
"shear resistance". For both the a and f processes, its initial value is related to the shear
modulus and Poisson ratio, as first described by Argon (1973):
sO,a = (2.30)1 - va
so,p = 0.077p3 (2.31)
In the a-process only, the shear strength s is taken to evolve to a preferred state with plastic
straining:
s = h (- SaS ) 4p  (2.32)
where ha is the softening slope and ss,a is the "preferred state". This internal variable
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allows the temperature dependence of the yield stress to mimic the temperature depen-
dence of the elastic shear moduli, and its evolution in the a-process captures the strain
softening phenomenon. Overall, equations 2.28 and 2.29 capture the rate-, temperature-,
and pressure-dependence of yield in the polymer, in addition to strain softening.
2.5.3 Model Implementation
The constitutive model outlined above has been implemented numerically into a commercial
finite element code, ABAQUS/Explicit, through a user material subroutine (VUMAT). The
application of this user material subroutine requires knowledge of the 14 material constants
that define the components of the model:
rate-dependent elastic springs
taa(0,E) bLp((,E)
na(04) rvp(0,ji)
process-specific shear moduli as functions of
temperature and strain rate
process-specific bulk moduli as functions of
temperature and strain rate
viscoplastic dashpots
AGp&
ap,pap,a
ha
ss,a
CR
pre-exponential factors
activation energies
pressure coefficients
softening slope
preferred state of athermal shear strength
rubbery modulus
limiting chain extensibility
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Langevin spring
Detailed explanation in regards to the determination of these material constants and model
parameters is given in the section "Material Parameters" appended to this chapter. It is
worth noting here, however, that the reduced DMA data is used directly in the definitions of
the elastic springs, and that a piece-wise breakdown of the yield data is used in determining
material constants necessary for defining the viscoplasticity.
2.6 Model v. Experiment
Figures 2-14 and 2-15 demonstrate the ability of the constitutive model to accurately predict
the strain rate dependence of PC during uniaxial compression across a broad range of strain
rates. Model results and experimental data for the stress-strain behavior at low (10- 3
s- 1), moderate (1 s- 1), and high (5050 s-1) strain rates are depicted in figure 2-14. The
constitutive model is able to capture the characteristic features of material response to large
strain uniaxial deformation: initial linear elasticity, global yield, strain softening, and strain
hardening.
The model is shown to capture the rate-dependence of the initial elastic modulus, by
incorporating DMA viscoelastic analysis into the formulation. The model does not predict
the non-linear transition to yield, as observed in the experimental curves; the model predicts
yield as a sudden rather than distributed event. Hasan and Boyce (1995) and, more recently,
Anand and Gurtin (2003) have detailed modifications to the model that would enable it
to capture this feature of material response. However, for the intended high-rate, large
deformation applications of the model, the slight discrepancy is not of concern.
Figure 2-15 is a plot of both model and experimental results for PC yield strength over
seven decades of strain rate. The plot also shows the model breakdown of the PC yield
strength, into a-process and 3-process contributions. Even across the transition strain rates,
the model predicts the experimental yield strength with less than 5% error. The component-
specific yield values indicate that the transition in the overall yield behavior begins when
the 3-contribution becomes non-negligible. It is clear that the success of the model lies
in the decomposition of the intermolecular deformation resistance into the contributions
from two distinct molecular processes. The original model, from which this model was
derived, only accounted for one molecular process, and thus was only capable of predicting
a linear relationship between yield strength and the logarithm of strain rate (or near linear,
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depending on the shear modulus dependence on temperature).
Figures 2-16 and 2-17 provide the same comparison between model and experiment
for PMMA as shown in figures 2-14 and 2-15 for PC. In figure 2-16, the model curves
clearly capture the rate-dependence of the initial elastic portion and the yield point of the
experimental curves at all strain rates. At the lowest strain rate, the model curve emulates
the entire experimental curve up to large strains. However, at moderate and high strain
rates, there is a large discrepancy between model and experiment over the post-yield portion
of the stress-strain curves. This is due to the significant thermal softening effects that are
not accounted for in this isothermal constitutive model. In reality, the moderate rate (10-2
s- 1 to 10-1 s- 1) curves correspond to thermo-mechanically coupled response and the higher
strain rate curves correspond to adiabatic deformation. Since the heat generated by plastic
work does not have sufficient time to transfer to the surroundings, the temperature-sensitive
polymer thermally softens during plastic straining. Recent experiments by Rittel (1999a)
and Lerch, Gary, and Herve (2003) on PC have indicated that a polymer disk under high-
rate (103 s- 1 to 104 s- 1) compression may increase in temperature as much as 400 C with
80% plastic strain. Even at strain rates as low as 10-1 s- 1, Arruda et al. (1995) observed
a 200C temperature rise in PMMA disks under large strain compression. This is a critical
issue in the high-rate deformation behavior of amorphous polymers, and will be addressed
in Chapter 4 of this thesis.
Nonetheless, figure 2-17 demonstrates the ability of this constitutive model to accurately
predict the yield strength of PMMA across a very broad range of strain rates. As before, the
yield stress breakdown reinforces the fact that this model's predictive capabilities are built
upon a successful decomposition of intermolecular deformation resistance into two separate
contributions - a and 3.
2.7 Conclusions
The experimental techniques and corresponding analysis of this study have provided new in-
sight into the rate-dependent behavior of amorphous polymers. Thorough viscoelastic char-
acterization combined with compression testing over a wide range of strain rates has acted
to experimentally characterize the influence of material transitions on the rate-dependent
behavior of polycarbonate and poly(methyl methacrylate). Both of these polymers have
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Figure 2-14: PC true stress-true strain behavior in uniaxial compression at low, moderate,
and high strain rates: model prediction (dashed lines) and experiment (solid lines).
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Figure 2-15: PC yield behavior in uniaxial compression as a function of strain rate, model
prediction and experiment. In addition to the total yield strength, the numerically-predicted
a and 3 components of the yield strength are reported, for each strain rate.
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Figure 2-16: PMMA true stress-true strain behavior in uniaxial compression at low, mod-
erate, and high strain rates: model prediction (dashed lines) and experiment (solid lines).
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Figure 2-17: PMMA yield behavior in uniaxial compression as a function of strain rate,
model prediction and experiment. In addition to the total yield strength, the numerically-
predicted a and 3 components of the yield strength are reported, for each strain rate.
been known to exhibit enhanced rate-sensitivity when deformed under high rates of load-
ing, as compared to their behavior under quasi-static rates of loading. This enhanced
rate-sensitivity is directly attributable to the restriction of secondary (3) molecular mo-
tions. The protocols described in this chapter may be applied to any polymer in order to
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better understand and predict their mechanical behavior over a wide range of temperatures
and strain rates.
In conjunction with the dynamic mechanical analysis (DMA) experiments of this study,
new analytical methods were developed in order to translate measured viscoelastic data
into a predictive tool that could provide insight into the moderate and high-rate behavior
of amorphous polymers. These methods were validated through accurate predictions of the
strain rate/temperature conditions of the PC and PMMA yield behavior transitions. By
applying the techniques to other amorphous polymers and polymer-based material systems
(e.g. polymer nanocomposites), it will be possible to identify, with viscoelastic data alone,
those which may offer enhanced properties for impact applications and/or changes in the
nature of their rate-sensitivity.
Following the experimental investigation and DMA analysis of PC and PMMA, a new
constitutive model for the three-dimensional finite-strain deformation of amorphous poly-
mers was proposed. This proposed model is built upon the transferable framework of
an existing continuum-level constitutive model for the rate-, temperature-, and pressure-
dependent finite strain deformation of thermoplastics. The model revisions are based on
the same concepts which underly both the Ree-Eying yield theories and the viscoelastic
analysis techniques introduced here: intermolecular resistance to deformation may be de-
composed into the contributions of different molecular processes, each with their own unique
rate and temperature dependence. Though the model introduced here only accounts for
the primary (a) and most significant secondary (/3) processes, the contributions of other
secondary processes (e.g. y, 6, etc.) could easily be incorporated if material response so
dictated.
The proposed constitutive model is shown here to correctly predict yield stress values,
as well as the strain rate regime of the transition in the yield behavior, for PC and PMMA.
For the case of PC, the model correctly predicts the post-yield stress-strain behavior, up
to 0.8 true strain, over the entire range of strain rates tested (10- 3 s- 1 to 4000 s-l).
However, the isothermal model does not capture the post-yield thermal softening seen in
the PMMA stress-strain curves at moderate strain rates. This important aspect of material
behavior at moderate and high rates is incorporated into a second revision of the model,
following a comprehensive investigation of the influence of adiabatic heating and energy
storage mechanisms on material deformation resistance (Chapter 4). For completeness, this
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model will also incorporate the effects of thermal expansion (Chapter 3), which is a direct
consequence of the adiabatic thermodynamic state, as well as a more appropriate treatment
of pressure effects (Chapter 5). Combined with appropriate failure criteria, these features
will enable the model to correctly simulate structural response to impact loading.
Material Parameters
Rate-dependent Elastic Springs
As described in section 2.5.3, the material description for the linear elastic springs requires
knowledge of any two component-specific elastic constants; the values of these constants as
a function of both temperature and strain rate must be determined.
The first set of elastic constants and their functional dependence on temperature and
strain rate is derived directly from the DMA data. Since the DMA experimentation con-
ducted in this study was performed in uniaxial tension, the elastic storage modulus measured
is approximately equivalent to the material's Young's Modulus. By decomposing the mea-
sured storage modulus reference curves into a and / components, as described in section
2.3.2, we analytically generated component-specific data for the Young's Modulus of the
two materials. The component curves give the temperature dependence of these moduli,
and the rate-dependent shifts of the corresponding viscoelastic transitions give the strain
rate dependence of the moduli. Thus the DMA experimentation and analysis techniques
provided here lead directly to half of the material constants needed to describe the linear
elastic springs of the model: E,(9,() and Ep(9,ý).
Ideally, the values for the second elastic constants would also be derived from rate-
and temperature-dependent experimental data. For convenience, it was decided to instead
take a second elastic constant as truly constant (in both temperature and strain rate).
Of all the elastic constants, the bulk modulus is the least likely to vary significantly with
changing temperature or strain rate, even through the material glass transition. 4 However,
the question of how to split available bulk modulus values into a and P contributions is not
4This suggestion has been generally accepted, despite a lack of accurate experimental data on the subject
(Sane & Knauss, 2001). Recently, Qvale and Ravi-Chandar (2004) devised a new method of viscoelastic
testing which allows for simultaneous characterization of the bulk and shear moduli as functions of time
and temperature. Testing on PC and PMMA revealed that even through the glass transition, the bulk
moduli will only change by a factor of 1/2, whereas the shear modulus will decrease by at least two orders of
magnitude. The change in bulk modulus through Tp is expected to be much less than the change observed
through T,, though data on this subject is virtually non-existent for any material.
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Figure 2-18: Model-predicted PC elastic constants at 10- 3 s- 1, according the functional
dependence on rate and temperature of the process-specific Young's moduli (section 2.3.2),
as well as the treatment of bulk behavior described by equations 2.33 and 2.34.
a trivial one. We decided to scale the relative contributions of the a and / processes in
accordance with the analytical split of the DMA (Young's Modulus) data, while maintaining
a constant value for the overall bulk modulus of the polymer:
Ka (,01 ) Ea(0, i) (2.33)
r,(a, () Ea(8, )
Ka(0, ý) + 3p(0, ý) = n °  (2.34)
where ro° is the (constant) total bulk modulus, with value given by the material's reported
bulk modulus at standard rate (_10 - 3 s-l1), temperature (25 0C) and pressure (1 atm)
conditions.
This treatment of the bulk behavior allows the process-specific bulk moduli, and hence
all other elastic constants, to be defined by just a single addition material parameter (Kn).
Furthermore, a direct consequence of this method is that the Poisson ratio, while still a
function of both temperature and strain rate, will always be the same in the two processes.
As temperature approaches Tg, the value of this Poisson ratio will approach 0.5 (see figure 2-
18). However, this treatment breaks down at temperatures above Tg, where it is expected
that the bulk modulus will in fact change significantly. Furthermore, the overall bulk
modulus may also change appreciably when /3 motions become restricted; further research
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Figure 2-19: Component-wise split of PC true shear yield stress data. Below the transition
strain rate (-260 s-l), it is assumed that only the a-process contributes to plastic defor-
mation resistance; above the transition, a and 3 both contribute. Trendlines fit to the data
are used to determine model parameters Ao and AG.
is needed on this point.
Again, the reader is directed to Chapter 6 for discussion on an alternate description of
rate-dependent elastic behavior, including instead an implementation of linear viscoelastic-
ity theory.
Viscoplastic Dashpots
Experimental yield data is used to solve for the pre-exponential factors ,a and '~0, and
the activation energies AGo and AGO. First, the experimentally measured yield values
must be decomposed into a and 3 contributions, a technique derived from the Ree-Eyring
yield models. The component-wise split of the PC yield data is detailed in figure 2-19.
Following decomposition of the yield data, a pair of simultaneous equations is derived
by applying the constitutive law for the rate of plastic straining (forward progress only;
equation 2.29) to a particular process (a or P) at two different yield points corresponding
to two different test strain rates. Appropriate values are substituted in for each of the
variables in these equations: the component-specific shear yield values r are taken from
the decomposed experimental yield data; the absolute temperatures 0 and the shear strain
rates A1P are known from the corresponding test conditions, assuming that both processes
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see the same loading conditions; and the pressures p at yield are determined analytically
from the total yield stress and the deformation mode (e.g. uniaxial compression). Also, at
yield, the shear strength s has not yet begun to decay - it evolves to a steady state only
with plastic straining. Thus the s values at yield may be calculated from equation 2.30 or
2.31 along with the component-specific elastic constants that correspond to the particular
test temperature and strain rate. Finally, assuming that the component-specific pressure
coefficients ap,a and ap,P are known (discussed later), the only unknown quantities in the
two equations are the pre-exponential factor A00 and the activation energy AG; these are
solved for simultaneously.
Because the f-process employs a more general description of plastic flow (forward and
reverse progress), it may be necessary to adjust the parameter ,0,j after it has been cal-
culated in this manner. For both PC and PMMA, the fit was optimized by dividing the
calculated values of (0,3 by two. Alternatively, a pair of full rate laws (equation 2.28) could
be solved simultaneously for 0,, and AGp via numerical methods.
In the constitutive equations of the viscoplastic dashpots, there are two other material
constants to be specified: the pressure coefficients ap,a and ap,3. These parameters may be
calculated from a quantitative comparison of tension and compression yield data derived
from tests at the same temperature and strain rate. Bauwens-Crowet et al. (1972) provide
yield data for PC, in both tension and compression, at 4.16 x 10- 3 s- 1 over the temperature
range -125 0 C to 125 0C. By isolating two regimes in this data - one dominated by the a-
process alone, one in which the both the a and P processes are operative - again the yield
data may be made component-specific. The component-specific empirical relationships
between tensile and compressive yield lead to the PC pressure coefficients ap,a and ap,·.
To determine the pressure coefficients for PMMA, sufficient yield data was not available
from any single source in the literature, as had been the case for PC. In fitting the original
(single process) constitutive model to experimental PMMA data, Arruda et al. (1995) used
a pressure coefficient of 0.26. Based on the strain rates (10- 3 s- 1 to 10-1 s- 1) and tem-
peratures (23 0C to 75 0C) of their tests, it may be assumed that this pressure coefficient is
an average of the pressure coefficients of the a and f processes. Without any knowledge of
the actual breakdown, both the a and 0 process pressure coefficients were set to 0.26, in
order to maintain the average value used by Arruda et al. A more sophisticated treatment
of pressure effects, for both PMMA and PC, is described in Chapter 5.
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For both PC and PMMA, the f-process pressure coefficient ap,p is taken to be zero in the
case of negative pressures. This modification of the original formulation is based upon an
assertion that the secondary molecular motions associated the f-process are only affected
by positive pressures, which reduce their mobility. By setting op,p equal to zero under
conditions of negative pressure, we prevent the total f-process shear resistance (sop+ap,Pp)
from going to zero or even negative in the case of large negative pressures.
The remaining model parameters for the viscoplastic dashpots are related to the strain
softening phenomenon. For this study, strain softening in PC and PMMA was captured
with evolution only in s,; sp was taken as a constant fraction of p~. The parameters he and
s,,,, were determined by fitting the model to the data. Stress-strain curves generated in
single-element simulations of uniaxial compression were compared to experimental stress-
strain curves. Values for hQ and sss,a were iterated in parallel in order to achieve optimal
agreement between the simulated and experimental stress-strain curves, over the region
dominated by strain softening. The strain rates chosen for curve fitting were the lowest
ones available, in order to avoid any thermal softening in the data associated with adiabatic
heating.
Langevin Spring
The Langevin spring behavior is described by two material parameters: the rubbery mod-
ulus CR and the limiting chain extensibility V/. These parameters were determined by
fitting model simulations to the stress-strain data, over the region dominated by strain
hardening. Again, the strain rates chosen for curve fitting were the lowest ones available,
in order to avoid any thermal softening in the data associated with adiabatic heating.
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Table 2.2: PC and PMMA model parameters
PC PMMA
E, DMA data DMA data
Ep DMA data DMA data
So 2250 MPa 3130 MPa
o,a6.82e15 s-1  3.18e13 s
AG, 3.613e-19 J 3.635e-19 J
0,v 4.00e4 s -  3.60e3 s - 1
AGp 2.389e-20 J 6.392e-20 J
a. 0.168 0.26
a o  0.245 0.26
ha 300 MPa 300 MPa
ssa/so,, 0.58 0.58
2.3 2.2
CR 14.2 MPa 14.0 MPa
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Chapter 3
Thermal Expansion and Recovery
3.1 Background
Polymeric materials are known to exhibit significant volumetric expansion upon heating,
up to an order of magnitude greater than that exhibited by metals. This characteristic
thermal behavior has important consequences especially in applications where constrained
polymeric components are exposed to heat, including microelectronic devices, medical de-
vices, and aerospace systems. Furthermore, thermal expansion can be important under
high-rate mechanical loading, when dissipated heat does not have sufficient time to escape
to the environment and the component temperature may rise as much as 1000C. In such
instances, the volume change associated with thermal expansion may be two to three orders
of magnitude greater than the volumetric change induced by mechanical loading alone.
Previous research in this area has led to a number of constitutive models which take
into account the effects of thermal expansion. Generally, these models consider thermal
expansion as a separate and independent contribution to the total deformation. In the
mathematics of continuum mechanics, this translates into a multiplicative decomposition
of the total deformation gradient:
F = FeFth (3.1)
where Fth is the volumetric deformation induced by heating/cooling and F e is the elastic
deformation induced by isothermal mechanical loading. Such a procedure has been followed
in the finite strain thermoelasticity models of Blatz (1969), Crochet and Naghdi (1978),
Morman, Jr. (1995), and, most recently, Humphrey and Rajagopal (1998). In most of these
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models, the thermal component is taken to be isotropic as well as volumetric, such that:
Fth = f(0)I (3.2)
However, Humphrey and Rajagopal (1998) suggest that a more general, anisotropic ex-
pression is needed in the case where thermal loading is applied after mechanical loading.
During mechanical loading, the polymer's molecular network evolves from a initial state of
random orientation into one in which the molecular chains are preferentially aligned along
the direction(s) of principal stretch. Humphrey and Rajagopal assume that the evolving
molecular network anisotropy will lead also to an anisotropic thermal response. This sug-
gestion has important ramifications in modelling the thermomechanical response of ductile
polymeric components under high-rate impact. Under impact, the ductile polymer will ex-
perience large tensile stretch - and hence significant molecular orientation - before failure,
while also increasing in temperature as a result of the adiabatic thermodynamic condition.
Nevertheless, there is little experimental data to corroborate Humphrey and Rajagopal's
assertion, at least for the case of amorphous polymers.
Chou and co-workers have conducted extensive experiments on the temperature and
orientation dependence of thermal expansion in semicrystalline polyethylene (PE) (Choy,
Chen, & Ong, 1979; Choy, Chen, & Young, 1981; White & Choy, 1984) and semicrystalline
poly(ether-ether-keytone) (PEEK) (Choy & Leung, 1990). For oriented PE (draw ratio =
11, crystallinity volume fraction = 0.8), Choy et al. (1979) report a transverse coefficient
of thermal expansion (CTE) which is only 23% higher than the isotropic CTE, for tests
near room temperature. At temperatures well below room temperature (5-10 K), however,
the transverse CTE in the oriented PE was measured as nearly 100% greater than that
in the isotropic PE (White & Choy, 1984). At both high and low temperatures, they
found the longitudinal CTE to decrease with cold drawing. Similar behavior is noted in
the review article of Porter and Wang (1995) for the case of semicrystalline polypropylene.
However, as discussed at length by Choy et al., the level of crystallinity in the polymer is
expected to have a large effect on even the orientation dependence of the CTE. Evidence
on the orientation dependence of thermal expansion in amorphous polymers is much more
limited. Elsner, Kempf, Bartha, and Wagner (1990) and Tong, Hsuen, Saenger, and Su
(1991) separately conducted CTE experiments on thin films of amorphous polyimide and
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Figure 3-1: [Experimental program schematic] Experimental program used to study the
orientation-dependence of PMMA thermal expansion: (a) virgin specimens machined from
cell-cast sheet (b) cylindrical specimens loaded and unloaded in compression to various levels
of imposed true strain (c) specimens heated at constant rate while TMA probe measures
associated changes in specimen height.
found the thickness-direction CTE to be twice as large as the in-plane CTE; both groups
attribute this phenomena to molecular alignment in the plane of the film, though the level
of orientation is unclear. For the case of polystyrene, Porter and Wang (1995) report that
the anisotropy in thermal expansion is small even at draw ratios as large as five, though a
quantitative definition of "small" is not given.
3.2 Experiments
In anticipation of incorporating the effects of thermal expansion into the constitutive model
described in Chapter 2, an experimental program was designed in order to test the as-
sumption of the retention of isotropic thermal expansion for glassy, amorphous polymers.
Specifically, experiments were aimed at investigating the functional dependence of the linear
coefficient of thermal expansion (CTE) on the stretch state of the polymer, where stretch
state is taken as a measure of molecular orientation.
3.2.1 Methods
Experiments were focused on the thermal expansion behavior of an exemplary amorphous
polymer, poly(methyl methacrylate) (PMMA). The particular PMMA used in this study
was of the same brand (G Plexiglas®, AtoHaas) tested in dynamic mechanical analysis and
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uniaxial compression, as described in Chapter 2. The Tg for this polymer is approximately
115 0 C. Since the sheets of Plexiglas® PMMA are produced through a traditional cell cast
method, no molecular chain orientation is expected in the as-cast sheet.' Specimens were
machined directly from these sheets as right circular cylinders, with both diameter and
height of approximately 5 millimeters (figure 3-1(a)).
Prior to thermal testing, varying degrees of molecular orientation were induced in the
virgin specimens via uniaxial compression (figure 3-1(b)). Uniaxial compression was con-
ducted on a Zwick/Roell Z010 universal testing machine under strain control, at a constant
engineering strain rate of 3x10 - 3 s- 1. To ensure homogeneous deformation, thin Teflon
sheets were placed between the Zwick platens and the specimen surfaces, and WD-40 lu-
bricant was used between the Teflon sheets and platens. Uniaxial compression is known
to preferentially align the molecular chains of a polymer in a plane perpendicular to the
loading axis. The degree of radial molecular alignment will depend upon the amount of
inelastic axial strain. For this study, some cylindrical specimens were left undeformed (no
molecular orientation), and the remaining cylinders were compressed to imposed true strain
levels of either 54%, 80%, or 98%. Upon unloading, all elastic strain was recovered; ad-
ditional inelastic strain was recovered at room temperature over the week between initial
compression and CTE testing. The residual strains were measured just before CTE testing
as 35%, 55%, and 68% (19%, 25%, and 30% strain recovered, respectively). These residual
true strain levels correspond to axial stretch values of 0.70, 0.58, and 0.51, respectively.
After compression pre-treatment, the cylindrical PMMA specimens were used in thermal
expansion experiments on a Perkin-Elmer Diamond Thermomechanical Analyzer (TMA).
The specimens were loaded into an insulated temperature chamber and approached from
the top by a quartz probe (figure 3-1(c)). After initial contact, the probe was held against
the top surface of the specimen with a constant load of 0.03 N for the duration of the test.
The chamber temperature was ramped from 25°C to approximately 1400 C (Tg+250C) at
a constant rate of +5 0 C per minute. During thermal loading, the current height h of the
specimen was measured by the quartz probe as a function of temperature, with a resolution
1In the cell-cast method, sheets are molded individually by pouring the acrylic monomer and catalysts
(the constituents of the polymer) into a glass frame. This frame is then moved to a temperature-controlled
bath where it is slowly cured. Upon curing, the sheet will often shrink preferentially in the thickness direction
as it is constrained in the length-width directions by adhesion to the glass frame. However, in a final step,
the sheet is annealed outside of the frame in order to remove any residual stress and, correspondingly, any
molecular orientation.
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of 0.02 ~mr (compared to the undeformed height of -5 mm). This data was recorded
to a computer, and later used to calculate the axial thermal stretch h/ho, where ho is the
specimen height after compression. The height displacement data was also used to calculate
the linear axial CTE, a:
1 Oh
a ho= T (3.3)ho aT
After reaching maximum temperature, the specimens were allowed to cool to room tem-
perature in ambient air with data recording turned off. In some cases, the specimens were
then re-tested under an identical thermal load program.
3.2.2 Results
The results of all PMMA CTE experiments are summarized in figures 3-2 to 3-4. Figure
3-2 shows typical curves of axial thermal stretch versus temperature for an undeformed
(ho=5 millimeters) cylinder. During both the first and second runs on the same specimen,
it is observed that the specimen height increases in an approximately linear fashion with
increases in temperature, up to 900C. The corresponding CTE is calculated to be 9.74x 10- 5
'C - 1 on the first run and 9.00x10 - 5 oC- 1 on the second run, over the temperature range
40 0 C to 900 C. These values are consistent with that reported by the supplier, Altuglas
International (7.4x10 - 5 oC-1).
At temperatures above 900 C, the first run curve of figure 3-2(a) shows an increasing
rate of thermal expansion with increasing temperature; this rate reaches a maximum just
beyond T 9 . This phenomenon is attributed to inelastic recovery. Amorphous polymers are
known to recover all inelastic strain over time as they tend towards a state of maximum
entropy - thermodynamic equilibrium. For PMMA at room temperature, the recovery
process can take months; for temperatures at and above T9 , when molecular chains are
much more mobile, recovery is greatly accelerated such that it occurs on the order of seconds
and minutes. In this case, even our "undeformed" specimens exhibited non-trivial (-4%)
recovery as the chamber temperature approached and passed through the material glass
transition. This result indicates that there is some degree of molecular orientation in the
as-delivered sheet due to its processing history; this orientation is recovered upon heating
through Tg. It is possible the cast sheet from which the specimens were cut was not
sufficiently annealed, and the recovered strain is related to shrinkage incurred during curing.
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Figure 3-2: PMMA axial thermal stretch as a function of temperature for an initially
undeformed cylinder: (a) first and second runs, 250 C to 1400 C (b) second run, 1000 C to
1400C. The first and second runs were conducted on the same specimen, approximately two
hours apart.
In the "undeformed" tests of this study, the first run essentially served to anneal the
specimen, while the second run measured the intrinsic thermal expansion behavior of the
polymer. By plotting the data of the second run on a different scale (figure 3-2(b)), it
is observed that the PMMA rate of thermal expansion increases significantly through the
glass transition, as might be expected. The calculated CTE in the rubbery region (1350C to
140'C) is 2.83x10 - 4 'C-1, or about three times greater than the CTE calculated over the
range 40 0 C to 900C. 2 The measured response in the first run is a combination of thermal
expansion in the traditional sense and inelastic recovery. For this reason, an apparent
thermal expansion is observed which is much greater than expected. However, the fact that
the curves in figure 3-2(a) align very well for temperatures below 900 C indicates that the
contribution of inelastic recovery is negligible up until this point.
The measured response of the deformed specimens, summarized in figure 3-3, is domi-
nated by the inelastic recovery phenomenon. This is to be expected, as the uniaxial com-
pression pre-treatment serves to orient the molecular chains in a plane perpendicular to
the loading axis. Through thermal activation, the oriented chains will return to a random
configuration where entropy is maximized. The apparent thermal expansion is observed to
2This value is consistent with what is typically reported for rubbery materials. For instance, the CTE of
silicon rubber is reported by Hatta, Takei, and Taya (2000) as 3x 10- 4 C-1.
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Figure 3-3: PMMA axial thermal stretch as a function of temperature (250C to 1400C) for
initially undeformed cylinders and cylinders compressed to different levels of axial stretch.
increase monotonically with increasing amount of pre-straining, as there is more inelastic
deformation to recover. The recovery of stored inelastic energy is a separate mechanism
from that which controls the intrinsic thermal expansion of the material, and will be ad-
dressed in Chapter 4. For the purposes of this study, we focus on the measured thermal
expansion at temperatures where the inelastic recovery contribution is negligible. In the
tests on undeformed specimens (figure 3-2), this range extended to 900 C; for the deformed
specimens (curves of figure 3-3), appreciable recovery is observed at temperatures as low as
500 C.3
Finally, the axial linear CTE for PMMA is given as function of imposed axial pre-stretch
in figure 3-4. The CTE values were calculated from TMA data over the temperature range
300C to 450C, according to equation 3.3. Although this temperature range is narrow, data in
this region is thought to be untainted by the effects of inelastic recovery. The CTE of PMMA
is in fact found to vary with molecular orientation. As shown in figure 3-4, the axial CTE
increases linearly with the level of off-axis chain alignment, over a wide range of stretch
values. Data from previous studies on the orientation-dependence of thermal expansion
(Choy et al., 1979; Porter & Wang, 1995) indicates that anisotropy in the thermal expansion
3Note that these temperature cut-offs are specific to the particular heating rate used in the TMA
(+5 0C/min), as recovery is both time and temperature dependent. For a faster heating rate, the onset
of recovery would shift to a higher temperature. During high-rate adiabatic deformation, there likely would
not be sufficient time for any recovery to occur.
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Figure 3-4: Calculated PMMA axial linear thermal expansion coefficient as a function of
imposed axial pre-stretch, over the temperature range 30 0 C to 450C.
behavior evolves such that the volumetric expansion remains approximately constant. That
is,
ala2a3 = (aiso) 3  (3.4)
where ai is the CTE along principal direction i and aiso is the isotropic CTE. Thus, to
accommodate the increase in axial CTE with planar equibiaxial molecular orientation, the
PMMA off-axis CTE must decrease. As the axial CTE increases from 7.12x10 - 5 OC-1 (no
orientation) to 1.09x10 - 4 oC - 1 (Aaxial=0.51), the off-axis CTE is expected to decrease to
5.73x10- 5 oC-1
As measured and predicted here, the CTE of PMMA will vary by as much as 50% with
moderate molecular orientation. However, the amount of variation observed is less than the
variation between thermal expansion coefficients of different thermoplastic materials, and is
also less than the expected variation in CTE with temperature. As a first approximation,
the thermal expansion behavior is here taken to be isotropic. This assumption is appropriate
for applications in which either thermal expansion is not critical or molecular orientation is
minimal.
122
-. . . .I
-.. ...............
-·. ........... .
. . . . . . . . . .
,,
FFigure 3-5: Schematic representation of the Weber and Boyce (1989) thermo-elasto-plastic
kinematic framework.
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3.3 Modelling
Here a new constitutive model framework is proposed which allows the rate- and temperature-
dependent model of Chapter 2 to also account for the effects of thermal expansion. The
thermo-elasto-plastic kinematic framework proposed is based mainly upon the work of We-
ber and Boyce (1989), which has also been utilized in the models of Boyce, Montagut, and
Argon (1992b) and Arruda et al. (1995). A schematic representation of this framework is
given as figure 3-5.
In elasto-plastic deformation, the total deformation gradient is decomposed into elastic
and plastic contributions (Kroner, 1960; Lee, 1969), and there is a single intermediate
kinematic configuration - the "relaxed configuration" (see Chapter 2, section 2.5.1). In the
thermo-elasto-plastic formulation introduced by Weber and Boyce, the total deformation
gradient is multiplicatively decomposed into three contributions: elastic, thermal expansion,
and plastic.
F = FeFthFp (3.5)
As shown in figure 3-5, this breakdown leads to two intermediate configurations. One of
these configurations is defined by the mapping Fthp = FthFp; in order to properly capture
the temperature dependence of plastic flow, the calculation of the rate of plastic stretching
takes place in this configuration (see Weber and Boyce, 1989). Alternatively, these calcu-
lations could be carried out in the loaded configuration. Here, the general thermo-elasto-
plastic framework is extended to the two-process polymer constitutive model introduced in
Chapter 2. For the component naming conventions (A, B, a, etc.), see figure 2-13.
3.3.1 Kinematics
As before, the total deformation gradient acts in full on each of the three main components
of the model:
FA, = FAO = FB = F (3.6)
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The deformation gradients in element A are multiplicatively decomposed into elastic, ther-
mal expansion, and plastic components following Weber and Boyce (1989):
FA, = F eAF tAh o
FA = F •thaF F
F0 AO 'A, Ap
(3.7)
(3.8)
It is assumed that all plastic deformation is volume preserving, i.e. detFP = detFPA -
1. Following polar decomposition of the deformation gradients, the deformation in all
configurations may be expressed as the product of a stretch and a rotation:
= RA UA
= ReA U
= th tUthA
,  
A
,
= RUA A
= R U
= RthP U 
t h p
Ap Ap
AO AO
= V eARo
= V
= Vth Rth
A, A,
= VA R Ahp
= VthPRthPA
, 
Ac
,
= VthpRthpAO Ap
We examine the rate at which deformation takes place in the body through the velocity
gradient L = LA, = LAO - FF - 1. By substituting the expressions 3.7 and 3.8 into this
definition, the velocity gradient too can be expressed in terms of elastic, thermal, and plastic
components:
LA,
,
LAp
= Le + Fe [Lth + F h LP(Ft1]h (Fe )-1
= F [L th FtA~ L~(Fh) -1] (F)-1
(3.17)
(3.18)
(3.19)
125
F
e
A,
F e
FthA,
FthAOFPA,FPAO
FthpA,
F thpA#
(3.9)
(3.10)
(3.11)
(3.12)
(3.13)
(3.14)
(3.15)
(3.16)
where L' • FA, (Fe)- 1, Lth = Ft(Fth)1, and L FA (FP)-1 (i = a~,3). We alsoAA Ai Ai Ai A Ad
introduce the thermo-plastic velocity gradient, Lthp:
LthP p hp thp)h~-1 Lt + h L ( = D (t + 3.20)
A, - A A  - A, A+ A A F A, A
Lthp p tAh p t -1 = h Fth + L (Fth ~-1 = Dthp thp (3.21)
p  AO O p- thAO- AO A, A A (3.21)
where DtAh and DtAhp (symmetric tensors) represent the rates of thermo-plastic stretching;
similarly, WtAhp and W thp (skew tensors) are the rates of thermo-plastic spin. Here, the
thermo-plastic flow is taken to be irrotational, i.e. Wthp = Wthp = 0 (Weber & Boyce,
1989). It follows, then, that
Fthp = (3.22)
A,, A, A,
Fthp = Dthp F th (3.23)
AO Ae AG
The expressions above may be integrated explicitly to obtain F t hp and Fthp; the elastic
portion of the deformation gradients are then obtained via
F = FA (F )1 (3.24)
FA (Fthp -1 (3.25)
Fo and F t must be constitutively prescribed, allowing for the calculation of FP and
F PAO
F = F •) FAthp (3.26)
FP= F t F thp (3.27)
For any constitutive model which is defined within the thermo-elasto-plastic framework,
it is most critical to develop an appropriate description of temperature-dependent plastic
velocity gradient. Due to the assumption of irrotational plastic flow, the plastic velocity
gradient will be identical to the rate of plastic stretching (D-thp and D thp). In general, these
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rates of stretching can be considered the sum of two contributions:
DtA = DA (TA,, , Ai) + MA,(0, Ai)0 (3.28)
thpD A -- DA(TAp, 9, Ak) + MA, (, Ak)9 (3.29)
Where ,Ai and MAj (i = a, /) primarily capture the rate of plastic stretching and the
rate of thermal stretching (thermal expansion) in the unloaded configuration, respectively.4
Both contributions depend upon the current temperature 0 and a list of tensorial internal
variables, Ai or Ak. The rate of plastic stretching also depends on the driving stress (TA,
and TA.).
The rate of plastic stretching in this thermo-elasto-plastic framework can itself be con-
sidered the sum of two components:
= sym= F•th LP LtAh )-~A(TA, 0, Ai) Fth (3.30)
OFAp (TAe, 0, Ak)
DtT = sym F LP h ( )-)1 + Sym A o FAh (3.31)
In these expressions, the first term is simply the symmetric part of the convected plastic
velocity gradient. The second term represents that part of the thermal velocity gradient
which evolves with a changing internal state; the second term vanishes if Fth is not a
function of the internal state (i.e. network orientation). Both terms are framed in the
unloaded configuration.
The second contribution to the rate of plastic stretching is taken as the portion of the
thermal velocity gradient which evolves with changing temperature:
MA = sm Fth 1 ') (3.32)(8Fth -
MAp0 = sym ( Ap 1 ) 6 (3.33)
Finally, combining equations 3.32 and 3.33 with equations 3.30 and 3.31, along with the
4Note, however, that in general D~ PA Fh P )- and MA Lt (i = , ).
* " A Ai i , Aj ( a n d M A • i t L A --- O
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irrotational constraint, the total thermo-plastic velocity gradients are given as:
Lthp Dthp = Sy F th L th -1 + th th-1 (3.DA, y Aa (A TA + OA FA, + (FA). ) (3.34)
Lthp Dt= h sym Fh T h ) t h A ) (3.5)AO AO ( A- 83 A(3 aAA AFthO;k  -} "---0- k 'A ) ao (3.35)
Thus a material model framed in the thermo-elasto-plastic kinematic framework requires
explicit constitutive description of both the plastic velocity gradient (LP and LP ) and
the thermal expansion component of the deformation gradient (FTth and Fth)
3.3.2 Material Description
It has been suggested that macromolecular materials exhibit distinctly anisotropic thermal
expansion behavior whenever the constituent chains are not completely random in their
orientation. In accordance with this theory, Weber and Boyce (1989) offer a general expres-
sion for a thermal expansion tensor which depends not only upon temperature, but also the
evolving internal state of molecular orientation:
Fth = aol + a1V + a 2 (V) 2  (3.36)
where the coefficients ao, al , and a2 depend on temperature as well as the scalar invariants
of the left stretch tensor, V. In continuing work, Socrate and Boyce (1999) implemented
techniques for considering evolving anisotropy in the thermal expansion behavior. However,
in this study, we neglect the functional dependence of Fth on network orientation, as a first
approximation. While the effect is measurable in PMMA, the thermal expansion behavior
is not considered critical in the immediate applications of the model and thus the additional
complexity is not warranted. Instead, the polymer thermal behavior is taken to be isotropic
- a function only of temperature. This simplifying assumption has precedent in the work of
Weber and Boyce (1989), as well as Crochet and Naghdi (1978) and Morman, Jr. (1995). It
should be emphasized, however, that this is a first approximation. The experimental results
of this study indicate that a more accurate treatment of the distinctly anisotropic thermal
expansion behavior of amorphous polymers will be necessary in certain applications.
With the isotropic assumption, the thermal expansion tensor is taken to be purely
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volumetric:
Ftha = Fh = /(0)1 (3.37)
where 3 is a scalar-valued function. Note that the description of thermal expansion in the
a and / processes is taken to be the same, so that the material will expand uniformly in
both a macroscopic and a local sense. As there is now no component of the thermal velocity
gradient which evolves with the internal state of the material, the second term in equations
3.34 and 3.34 (last term in equations 3.30 and 3.31) vanishes. The rate of thermo-plastic
stretching simplifies then to
Dth = sym (FAa L(FJ a)- + sym (F 19) 0 (3.38)
Dth = sym (FLh Lth)-1Ft (F) (3.39)
AO X -A0 Ap ao Ap
The first term in equations 3.38 and 3.39 - the symmetric portion of the convected
plastic velocity gradient - is described as the product of a magnitude (4ja or -ý) and a
direction tensor (Nthp or Nthp):
A. = Fth Lp (Fth )- thp (3.40)
~ - sym ( PA L (FL thA A) =-13 thp (3.41)
where NtAhp and NtAh are taken to be coaxial with the deviatoric stresses (convected back to
unloaded configuration) acting on the a and 3 components of the intermolecular network
(A), respectively:
(Fe.)-'T' Fe
Nthp A- A, At (3.42)
Ac, IT'a
Nthp _ (F)-T AF (3.43)ITO I
The material model described in Chapter 2 provides constitutive laws for 4 and ;t, (equa-
tions 2.29 and 2.28, as well as TA, and TA, (equations 2.19 and 2.20), which are both used
here without modification.
The second term in equations 3.38 and 3.39 - the portion the thermal velocity gradient
which evolves with changing temperature - is calculated from the suggested form of Fth
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(equation 3.37):
sym (Fth )-19 sY 4' A ( th )-10 (= &(O)h1 (3.44)
where a (= din P3/d) is the temperature-dependent coefficient of thermal expansion. Thus,
under the assumption of isotropic thermal behavior, the final expression for the thermo-
plastic velocity gradient is given as:
LthP = -N-hP + ahl (3.45)
Lthp = PNthp + al (3.46)
The scalar function 0(0) (equation 3.37) is determined through its relationship with
the coefficient of thermal expansion. As a first approximation, the CTE (a) is taken as a
constant, independent of temperature. It follows, then, that
FtA = Fth = exp [a(O - 0o)] 1 (3.47)
In this manner, the incorporation of thermal expansion effects in the glassy regime into
the constitutive model of Chapter 2 requires just one additional parameter - the coefficient
of thermal expansion, a. Appropriate values for a may be determined experimentally, as
described in section 3.2, and are also available in the literature for many common amorphous
polymers. In order to capture behavior above Tg, where the coefficient of thermal expansion
has been measured as three times as large as that in the glassy regime, a modification of
the theory is required. As a first approximation, this could be modelled with a step-wise
function for a, where its constant value changes at Tg. A more accurate procedure would
require implementing a continuous function for the temperature-dependence of a.
3.4 Model Predictions
As originally implemented, the constitutive model described in Chapter 2 has the ability
to predict the post-deformation recovery observed in TMA experiments. The model cap-
tures energy storage in both the entropic (Langevin) spring and the linear elastic a and 3
springs, whereby the stress in the entropic spring is balanced by equal and opposite stress
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in the a and / springs. This stored energy drives recovery through the reverse progress of
the viscoplastic flow rules. The ability of the model to predict strain recovery especially at
high temperatures is enhanced by the fact that temperature dependence in the shear resis-
tance s is considered for temperatures up to and beyond Tg. When the model temperature
approaches Tg, the shear resistance drops by at least an order of magnitude, accelerating
(reverse) viscoplastic flow. Even by itself an increase in temperature towards T9 will help
enable recovery through the thermal activation model of yield. With the implementation
also of thermal expansion effects, the constitutive model is now capable of predicting not
only stress-free isotropic thermal expansion, but also the complex thermal response - in-
cluding both thermal expansion and recovery - of a polymer which has previously been
deformed. Here, this capability is demonstrated.
A simulation has been generated in a commercial finite element code (ABAQUS/Explicit)
to mimic the thermal and mechanical loading of the experiments described in section 3.2.
The finite element model is composed of a single, three-dimensional continuum element of
original dimensions 1 x 1 x 1, with boundary constraints and proper tie equations to ensure
homogeneous deformation under compression (i.e. uniaxial compression). The simulation
is divided into four sequential regimes, as described below:
Displacement Control Compress to 80% true strain at 0.1 s-1; unload at 0.1 s- 1 to zero
stress
Equilibration Remove displacement boundary condition on element top surface and allow
any additional recovery with time at zero total macroscopic stress and room temper-
ature
Temperature Control Heat from 250 C to "Tg"5+5oC at a rate of 1oC/s
Controlled Recovery Hold temperature constant at Tg+5 0 C until all strain is recovered
Graphical representation of these four regimes is given in figure 3-6, along with the predicted
material response as measured by the temporal history of top surface displacement (figure
3-6(a)), axial stretch (figure 3-6(c)), and compressive stress (figure 3-6(d)).
5In this case, "T," corresponds to the temperature at which the modulus in the a spring has decreased
to a rubbery value (-5 MPa). According to formulation of rate-dependent elasticity in the model, this
temperature depends on strain rate. When there is no appreciable mechanical deformation (zero strain
rate), such as in this case, the elasticity is calculated from a nominal strain rate of 10- 4 s- 1
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Figure 3-6: PMMA recovery simulation loading history and results: (a) top surface axial
displacement history (b) temperature history (c) axial stretch history and (d) true axial
stress history. The dashed lines provide demarcation between the four simulation regimes:
displacement control, equilibration, temperature control, and controlled recovery.
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Within the displacement control regime (Os to 8.5s), the stress exhibits characteristic
PMMA response to uniaxial compression: initial linear elasticity, global yield, strain soft-
ening, and strain hardening. At the peak stress, corresponding to 80% true strain, the axial
stretch is 0.45; upon unloading, the stress drops to zero and elastic strains recover such that
the axial stretch is 0.48 immediately after unloading. During the equilibration phase (8.5s
to 58.5s), slight noise is observed in the stress response while the displacement is stable.
Given a longer equilibration time, it is expected that the model would predict some strain
recovery even at 25 0C, especially if the material's actual viscoelastic response were included
in the model formulation (see Chapter 6). As the simulation enters the temperature control
regime (58.5s to 172.5s), both stress and displacement appear to remain constant up to
approximately 75s (-450 C). In actuality, the displacement is increasing linearly due to the
model's prediction of isotropic thermal expansion; the change is imperceptible on the scale
of figure 3-6(a). The isotropic thermal expansion is shown on a more appropriate graph in
figure 3-9, and will be discussed later.
At a temperature of approximately 45 0C, recovery becomes significant and the displace-
ment is observed to increase in an approximately linear manner with time (temperature).
Once the simulated temperature reaches -115 0C (150s), the rate of recovery increases
again. By the time the temperature has reached T9 +50 C, the majority of inelastic strain
has been recovered such that the axial stretch is approximately 0.92. All remaining strain
is recovered over a period of just 10-20 seconds, while holding the temperature constant
at Tg+5 0 C. During the entire heating and controlled recovery processes, the magnitude of
inelastic strain recovery overshadows the isotropic thermal expansion, which is described
by a thermal expansion coefficient of 7.0x 10- 5 oC-1.
Figures 3-7 to 3-9 provide alternate graphical representations of the recovery simulation
results. Stage 1 (displacement control) is isolated in figure 3-7, which shows the predicted
true stress-true strain response of PMMA under uniaxial compressive loading and unload-
ing (0.1 s- 1). Stage 3 (temperature control) is isolated in figure 3-8, which is analogous
to the experimental thermal stretch versus temperature plots given in figure 3-3. In order
to provide a more complete comparison with the experimental result, in this case the tem-
perature was continually increased beyond Tg; stage 4 (recovery at constant temperature)
was eliminated. For evaluation purposes, the curve in figure 3-8 may be compared with the
experimental result for Aaial=0.51, as the axial stretch in this simulation was 0.48 before
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Figure 3-7: Predicted material response during stage 1 of
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Figure 3-8: Predicted material response during stage 3 of the recovery simulation: thermal
expansion and strain recovery while heating at a constant rate of 1°C/s. Thermal recovery
stretch is calculated by normalizing the current stretch by the stretch value after unloading,
before heating (0.48).
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Figure 3-9: Model predicted isotropic thermal expansion, 250 C to 350. The curve is the
same as that plotted in figure 3-8, here on different x- and y-scales.
heating. The simulation curve mimics the experiment result in both character and magni-
tude, with the only difference being that recovery is activated at a slightly lower temperature
in the simulation (45 0 C) than observed in the experiment (60 0C). It is now readily apparent
that the initial regime of linear recovery observed experimentally is not attributable to the
secondary energy storage mechanism, for the model captures this component of the response
by only considering the primary storage mechanism (entropic hardening). This regime may
alternately be explained by a series expansion of the exponential rate equation describing
(reverse) plastic flow, in which the first term would be linear in temperature with higher
order terms becoming more significant at higher temperatures. 6
By focusing on the narrow temperature range before recovery begins (figure 3-9), it may
be observed that the normalized stretch is still increasing with increasing temperature. In
fact, the increase is approximately linear in temperature, over the temperature range 25oC
to 350C. This predicted response may be attributed to the implementation of isotropic
thermal expansion into the constitutive model. At higher temperatures, where recovery has
been thermally activated, these effects of thermal expansion are greatly overshadowed by
inelastic strain recovery.
6We also note that even though all major features and trends of the thermal recovery are captured, the
model does not precisely match the experimental data. We attribute the discrepancy to our imprecision in
fitting properties for the plastic flow rate ( P ,, AGQ,, , AG) such that temperature dependence of flow
is optimally captured. This imprecision is addressed in Chapter 4 and Appendix B.
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Figure 3-10: Model-predicted thermal stretch as a function of temperature and pre-strain.
Thermal recovery stretch is calculated by normalizing the current stretch by the stretch
value after unloading, before heating (Aaxial).
As a final evaluation of the model and its ability to predict post-deformation thermal
response, a second simulation has been generated in which the mechanical loading is limited
to 60% true strain (Aax•al=0.58 after unloading) during stage 1 (displacement control). All
other features of this simulation are the same. In figure 3-10, the predicted thermal stretch
as a function of temperature is compared against that in which the pre-loading extended to
80% strain (Aaxijl=0.48 after unloading). The trend generally follows that observed experi-
mentally and plotted in figure 3-3. With less pre-strain, less energy is stored in the material
via molecular alignment, and thus there is less driving force behind thermally-activated
recovery. Specimens with more pre-strain exhibit more recovery at lower temperatures.
This effect is captured in the model by the Langevin spring, which, through its nonlinear
formulation, predicts a very significant difference in total stored energy even between 60%
and 80% true strain. As shown in figure 3-10, the model correspondingly predicts a very
significant difference in the rate of recovery at lower temperatures, irrespective of the total
strain which needs to be recovered. In the simulation with only 60% pre-strain, recovery
does not begin to dominate the material response until almost 110oC; the region of linear
recovery is very small in magnitude.
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3.5 Conclusion
A series of experiments has been conducted in order to better understand the orientation-
dependence of thermal expansion in an exemplary amorphous polymer, PMMA. PMMA
cylinders were machined from isotropic sheet stock and then deformed to various levels of
imposed true strain. This compression pre-treatment served to induce molecular orientation
in the cylinders, in a plane perpendicular to the loading axis; the degree of orientation was
increased by increasing the imposed true strain. After pre-treatment, the axial coefficient
of thermal expansion was measured as a function of axial stretch, where the axial stretch
is taken as a macroscopic measure of molecular orientation. The axial CTE was found to
increase in an approximate linear manner with off-axis orientation. For an axial stretch of
0.51, the CTE increased by 50% relative to the isotropic, undeformed material.
Measurements of CTE were calculated from temperature-dependent expansion at tem-
peratures close to room temperatures. At higher temperatures (>45oC), thermally-activated
inelastic strain recovery dominated the material response such that the apparent thermal
expansion was much greater than expected. As temperature is increased, energy stored in
the molecular orientation drives the polymeric specimens back to their original undeformed
geometry in which the molecular chains are randomly oriented. By testing specimens de-
formed to different levels of imposed strain (i.e. molecular orientation), it was discovered
that both the magnitude and rate of recovery is related to the amount of energy stored in
the system.
In the second portion of this study, a modelling approach is suggested, following the
work of Weber and Boyce (1989). Thermal expansion is incorporated into the constitutive
model through a multiplicative decomposition of the total deformation gradient into elastic,
plastic, and thermal components. As a first approximation, the thermal component is taken
to be volumetric and isotropic. Further research is suggested in order to develop a more
accurate representation of thermal expansion, taking into consideration the experimental
results presented here, i.e. dependence of the thermal expansion behavior on molecular
orientation.
Finally, the constitutive model with thermal expansion effects incorporated is used in
a finite element simulation of the recovery experiments. A one element model is loaded
in homogeneous compression to 80% strain, unloaded to zero stress, and then heated at
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a constant rate of temperature increase. At the lowest temperatures (25 0C to 350 C), the
observed response is that of isotropic thermal expansion. At higher temperatures, inelastic
strain recovery is predicted through the thermally-activated reverse progress of plastic flow,
driven mainly by the energy stored in the Langevin spring. The predicted thermal recovery
stretch as a function of temperature mimics very closely that observed in a similar exper-
iment. Furthermore, a second simulation in which the induced pre-strain was only 60%
revealed a strong dependence of the rate of recovery on the total amount of energy stored,
following the trend observed experimentally.
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Chapter 4
Energy Storage and Dissipation
During Adiabatic Deformation
4.1 Background
As evidenced by the stress-strain curves for PMMA shown in figure 4-1, the isothermal
constitutive model presented in Chapter 2 is severely limited in its ability to accurately
predict the post-yield stress-strain response of some amorphous polymers at moderate and
high strain rates. For many amorphous polymers, including PMMA, the moderate- and
high-rate finite-deformation behavior is significantly affected by thermal softening, and can
not be accurately predicted with the isothermal assumption previously employed. A large
fraction of the work associated with plastic straining is dissipative, and when the rate of
deformation is sufficiently high such that all of the heat generated does not have time
to transfer to the surroundings, the temperature-sensitive polymer thermally softens. In
PMMA, the effect is so pronounced that orientation-induced strain hardening in the material
is masked completely at high strain rates.
Similar observations have been made by Arruda et al. (1995) during uniaxial compres-
sion of PMMA over low (10- 3 s- 1) to moderate (10-1 s- 1) strain rates, where, based on
the specimen geometry and also the polymer's thermal properties, the material response
transitioned from nearly isothermal (complete heat transfer) to nearly adiabatic (no heat
transfer). In this thermodynamic transition zone, the material response can only be un-
derstood through a fully-coupled thermo-mechanical analysis, considering heat transfer via
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Figure 4-1: PMMA true stress-true strain behavior in uniaxial compression at low, moder-
ate, and high strain rates: experiment (solid lines) and isothermal model prediction (dotted
lines).
convection and conduction. At high strain rates, the material response is fully adiabatic and
such considerations are unnecessary - all heat generated remains in the polymer. However,
even under adiabatic conditions, the heating effect in polymers is complicated still by the
fact that the fraction of inelastic work which is dissipated is well below unity, and has been
found to be a function of post-yield strain. Thus it is actually a complicated interaction
of energy storage and dissipation mechanisms on the molecular scale which dictates the
amount of heat evolved during high-rate deformation.
A number of experimental studies have been conducted in order to compare, in a macro-
scopic sense, the relative contributions of these storage and dissipation mechanisms during
inelastic deformation. Adams and Farris (1988) and, later, Oleynik and co-workers (Rud-
nev et al., 1991; Salamatine, Rudnev, Voenniy, & Oleynik, 1992) employed deformation
calorimetry experiments on a variety of amorphous polymers. In deformation calorimetry,
a mechanical test - typically uniaxial tension or compression - is conducted within a sealed
chamber. The chamber is equipped with capability to accurately measure slight changes in
air pressure brought on by the evolution of heat. The total work of deformation is calcu-
lated from the measured stress-strain response, the dissipated energy is calculated from the
measured pressure change in the chamber, and the stored energy is calculated as the differ-
ence between the two, according to the first law of thermodynamics. Typical experimental
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Figure 4-2: Polystyrene stress-strain behavior and energies of deformation as calculated by
deformation calorimetry experiments (uniaxial compression, _10 - 2 s- 1, 298K). Reported
are the total work (AE), dissipated energy (QE), stored energy (AUE), and stored energy not
recovered upon unloading (AUirr). Figure reprinted from Rudnev et al. (1991).
Figure 4-3: PC stress-strain behavior and energies of deformation as calculated by defor-
mation calorimetry experiments (uniaxial compression, _10 - 2 s- 1, 298K). Reported are
the total work (A,), dissipated energy (QE), stored energy (AU,), and stored energy not
recovered upon unloading (AUirr). Figure reprinted from Rudnev et al. (1991).
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results from Rudnev et al. (1991) are given in figures 4-2 and 4-3. Through these fundamen-
tal experiments, both Oleynik's group and Adams and Farris discovered that only 45-85%
of the work of inelastic deformation in amorphous polymers was dissipated, depending on
both the strain and the particular polymer. Oleynik and co-workers (Rudnev et al., 1991;
Salamatine et al., 1992) noted that at strains lower than 20-30%, typically more work was
retained as stored energy in the polymer than was dissipated as heat.
Additional insight on the topic of energy storage in amorphous polymers has been gained
through differential scanning calorimetry (DSC) experiments on pre-deformed specimens.
During the DSC test, the temperature of a polymer sample is raised at a constant rate while
the heat required is recorded. When stored energy is released, an exothermic peak appears;
when additional heat is required to pass through a transition (e.g. Tg), an endothermic
peak appears. Unlike the deformation calorimetry experiments, this DSC technique allows
separate mechanisms of energy storage to be investigated independently. In early studies
conducted by Berens and Hodge (1982) on polystyrene (PS) and Chang and Li (1988) on
poly(vinyl chloride) (PVC), two exothermic peaks were identified: one pre-Tg, and one
post-Tg. Chang and Li (1988) report that most of the plastic strain recovered through
heating is associated with the second, post-Tg exotherm.
Following the work of Berens and Hodge (1982) and Chang and Li (1988), as well
as the deformation calorimetry experiments of Oleynik and co-workers (Rudnev et al.,
1991; Salamatine et al., 1992), Hasan and Boyce (1993) studied more carefully these two
exothermic peaks. They deformed PS, PC, and PMMA to various levels of inelastic strain,
then conducted DSC scans on the deformed specimens. For all three polymers, the first
exotherm was found to increase in magnitude with increasing pre-strain, but only up to
strain levels of 25-30%. This strain level corresponded well with the end of strain softening
in the material. The post-T9 exotherm, on the other hand, only became significant at
strains where hardening was readily apparent in the stress-strain behavior, but continued
to increase in magnitude with increased amounts of pre-strain. Hasan and Boyce present
corresponding theory in association with these experimental results. They suggest that
these two exotherms are in fact the products of two separate energy storage mechanisms:
the first, pre-Tg exotherm is associated with the microscopic structural changes that take
place at small and moderate strains (<30%), while the post-Tg exotherm is associated with
molecular orientation induced by large deformations. Both are mechanisms of inelastic
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deformation which, as shown in these DSC experiments, are thermo-reversible.
Yet another experimental method employed in the study of material energy storage and
dissipation is the direct measurement of specimen temperature rise during mechanical de-
formation. When obtained under adiabatic conditions, this temperature rise data allows for
a direct calculation of the amount of energy dissipated. For the case of polymeric materials,
the first study of this kind was conducted by Chou et al. (1973). Chou and co-workers em-
bedded a thermocouple in compression specimens of various polymers, including PMMA,
and monitored the temperature rise induced by both moderate and high-rate deformation.
Though in every case the strains achieved were less than 20%, specimen temperatures were
found to increase as much as 30'C at the highest rates. The thermocouple technique was
later revived by Rittel (1998, 1999b), who reported a temperature rise in PC of 28 0 C at
45% true strain under split-Hopkinson bar compression (-6500 s-'). However, it is gen-
erally accepted that the response time of even the smallest thermocouples is too slow to
accurately measure temperature changes during a split-Hopkinson bar experiment.' This
point is disputed by Rittel (1998).
Recently, infra-red (IR) detection techniques have been proposed as a means to more
accurately measure specimen surface temperature during the split-Hopkinson bar exper-
iment (Noble & Harding, 1994; Kapoor & Nemat-Nasser, 1998; Macdougall & Harding,
1998; Trojanowski, Macdougall, & Harding, 1998). In this technique, focusing optics are
arranged around the specimen in order to direct surface radiation onto a small (100 Aum x
100 Am) photovoltaic detector. By appropriately calibrating the system, the voltage output
of the detector may be related to a temperature rise in the specimen. This technique has
been applied in the study of adiabatic heating in polymeric materials by Trojanowski et al.
(1998), Li and Lambros (2001), Buckley, Harding, Hou, Ruiz, and Trojanowski (2001), and
Lerch et al. (2003). Li and Lambros (2001) and Lerch et al. (2003) both conducted the
experiments on PC in split-Hopkinson bar compression; their results are plotted in figure
4-4 alongside the thermocouple measurements of Rittel (1999b). The spread of tempera-
ture measurements shown here, for a material which generally exhibits little variation in
mechanical behavior from one brand to another, underscores that fact; that available data in
the literature is neither comprehensive nor consistent. Furthermore, it suggests that there
1The typical split-Hopkinson bar experiment has a duration of 100-400 us. An appropriate response time
to measure associated temperature changes is 0.1-1 us; the response time of a thermocouple is usually on
the order of milliseconds.
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Figure 4-4: Collected literature data on PC temperature rise during split-Hopkinson bar
compression.
are unresolved issues in one or both of these experimental techniques. One of these issues
is the simple fact there is no uniformity in the proper set-up and technique for the IR ex-
periment. For instance, Li and Lambros (2001) use a HgCdTe (mercury cadmium telluride)
photovoltaic detector, focusing optics which include a large spherical mirror and a small
flat mirror, and cylindrical specimens, whereas Lerch et al. (2003) use an InSb (indium
antimode) detector, a single biconvex lens for focusing, and large cubic specimens.
In light of the experimental results discussed here, revisions have been proposed in the
constitutive model of Boyce and co-workers (Boyce et al., 1988b; Arruda & Boyce, 1993a).
These revisions, first proposed by Boyce et al. (1992a), and later applied by Arruda et al.
(1995), allow the model to capture the thermal softening phenomenon observed in PMMA
through predictions of the heat evolved during adiabatic deformation. The method is to
take the work of entropic hardening (the "backstress") as stored energy, with the work
from the driving stress of viscoplastic deformation as dissipative. It is believed that the
stored energy of molecular alignment is that which is recovered at temperatures at and
above Tg, corresponding to the second exotherm measured by Hasan and Boyce (1993).
Upon implementing these methods and applying them in thermo-mechanically coupled finite
element simulations, Arruda et al. (1995) were able to capture well the dramatic change in
PMMA stress-strain behavior from isothermal to adiabatic strain rates. Nonetheless, the
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model predictions of specimen temperature rise, even at adiabatic rates, were much higher
than those measured experimentally via a commercial IR detector.
In this study, the intent is to revisit both the experimental and theoretical methods
already employed in previous research. The ultimate goal is to obtain a more accurate ex-
perimental measurement of the heat evolved during adiabatic deformation and, if necessary,
appropriately modify the model's treatment of stored versus dissipated energy.
4.2 Experiments
An experimental program has been devised in order to better quantify that portion of the
work of deformation which is dissipated as heat, for a sampling of amorphous polymers.
Temperature measurements are conducted during low, moderate, and high-rate uniaxial
compression tests through IR techniques. In accessing this broad spectrum of deformation
rates, two separate experimental set-ups are employed. At low and moderate rates, a
single-spot commercial IR detector is used in conjunction with an Instron servo-hydraulic
mechanical testing instrument. For the high rate experiment, a custom high-speed IR
detecting system with focusing optics has been built around a compressive split-Hopkinson
bar.
In both experiments, temperature measurements are made based on the emission of sur-
face radiation. Because the uniaxial compression test dictates a homogeneous deformation
mode, non-uniformity in the specimen temperature shall only arise through heat transfer.
Thus, at adiabatic rates, the specimen surface temperature at all locations is identical to
the specimen internal temperature. Furthermore, the measured temperature rise under
adiabatic deformation is irrespective of specimen geometry.
4.2.1 Methods
Low and Moderate Rates
Uniaxial compression tests at low to moderate strain rates (0.001 s-- 1 to 1 s- ') were con-
ducted on an Instron servo-hydraulic testing machine. PC and PMMA specimens were
machined as right circular cylinders, with both diameter and height of 12.7 millimeters.
During the test, stress and strain quantities are calculated from the load cell and exten-
someter output, respectively, while specimen surface temperature is calculated directly by
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Figure 4-5: Schematic experimental set-up for temperature measurement under low and
moderate strain rates.
a Mikron MI-N5+ Infraducer®. This pre-calibrated infrared detector provides accurate
temperature measurements based only upon an input surface emissivity. The minimum
spot size for this detector, achieved by placing the detector exactly 100 millimeters from
the specimen, is 2 millimeters. The response time is 0.08 seconds, and the accuracy is 1%
of measured value.2
As shown schematically in figure 4-5, the IR detector is mounted on a two-axis adjustable
stage approximately 100 millimeters from the specimen surface. Custom-built steel platens,
trapezoidal in cross-section, are used to ensure that even at true strains of 100%, no portion
of the radiation cone is blocked by the presence of nearby loading rods. Furthermore,
lubricating sheets of Teflon are cut and carefully arranged in such a manner that they
too do not block any emitted radiation that otherwise would be collected at the detector
location. An alignment laser mounted inside of the detector housing is used to focus the
detector spot along the central axis of the specimen, approximately 3 millimeters from
the top. This vertical location corresponds to the centerline of a specimen which has
been deformed to a true strain of 80% (only the lower rod of the Instron moves during
a test). One hour before testing, specimen surfaces are painted with a black acrylic spray
paint to increase their emissivity and thus increase the signal-to-noise ratio in radiation
measurements. Without black paint, the emissivity of a transparent polymeric surface is
between 0.85 and 0.90 (Lerch et al., 2003); with paint, the polymer acts as a black body with
2Specifications provided by the manufacturer, Mikron Corp.
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emissivity approaching unity. The emissivity value required for temperature calculations is
entered as 0.95, for both PC and PMMA.
During the test, a specially-designed feedback loop between the extensometer and the
actuator is used to ensure a constant true strain rate over the duration of the tests. For
both PC and PMMA, multiple tests were conducted at constant true strain rates of 0.001
s- 1, 0.01 s- 1, 0.1 s- 1, and 1.0 s- 1 . Following the thermodynamic analysis of Hall (1968),
generalized by Chou et al. (1973) to the case of a polymer cylinder under compression, it is
expected that both materials will transition between fully isothermal (0.001 s- 1) and fully
adiabatic (1.0 s- 1) response over this range of strain rates.3 At the intermediate rates (0.01
s- 1 and 0.1 s- 1), the thermodynamic condition is expected to be thermo-mechanically
coupled, though very nearly adiabatic at 0.1 s- 1. These results are consistent with the
results of a slightly different analysis conducted by Arruda et al. (1995) for similar sized
and shaped specimens.
High Rates
The experimental set-up used in the high-rate tests is shown in the photograph of figure 4-6
and is described schematically in figures 4-7 and 4-9. The optical/IR set-up generally follows
that summarized by Li and Lambros (2001) and later described in more detail by Bjerke
(2002), though here important changes are made in the alignment, calibration, and test
techniques originally proposed. The components necessary for the measurement of surface
temperature are built around the specimen location of the compressive split-Hopkinson bar
described in Chapter 2 (section 2.4.1). These components include: a spherical and a flat
mirror, a single-element IR detector, a pre-amplifier to the IR detector, a power supply for
the pre-amplifier, and a digital oscilloscope for data acquisition.
The two mirrors that compose the optical set-up, both supplied by Edmund Optics, are
gold-plated in order to minimize losses over the spectrum of infra-red wavelengths. The
spherical mirror has a diameter and focal length of 152.4 millimeters (6 inches); the flat
mirror has a diameter of 50.8 millimeters (2 inches). While this configuration allows for the
optical magnification to be adjusted, here the two mirrors are located such that there is a
3This analysis takes into account not only the specimen geometry, but also the thermal properties of
the two polymers and the possibility of heat conduction between the specimen and the Instron platens. As
the thermal properties of PC and PMMA are quite similar, the analysis yields the same results for the two
polymers, in general.
147
Figure 4-6: Experimental set-up for temperature measurement during split-Hopkinson bar
compression.
148
1:1 correspondence between the sample spot size and the detector area (250pm x 250pm).
The spherical mirror serves to focus the radiation emitted by the spot back onto the detector
area, while the flat mirror simply re-directs, or "folds", the radiation signal.
The radiation is directed upon a single HgCdTe (mercury cadmium telluride) photo-
voltaic detector (Fermionics Corp., Simi Valley, CA) which is sensitive to radiation in the
mid-infrared spectrum (6-12 pm). Prior to testing, this detector is cooled to 77K by filling
the adjoining dewar with liquid nitrogen, which serves to increase the signal output by
the detector. This signal is further amplified through a dedicated RF pre-amplifier (Perry
Amplifier, Brookline, MA), optimized in both gain and frequency input/output for the
characteristics of the Fermionics detector supplied. The pre-amplifier is powered by an In-
stek GPS-2303 multi-output regulated DC power supply, known to exhibit very little noise
(-0.01%). The power supply is appropriately configured so as to give the necessary + and -
12 V inputs to the pre-amplifier, while also preventing overload at excessive levels of current
(>14 mA). Finally, the amplified signal is read into a Lecroy Waverunner @ digital oscillo-
scope via high-impedance (1MQ) coupling. This particular oscilloscope has a bandwidth of
500 MHz and capability to sample data at a rate of 4 gigasamples per second, though such
rates are not necessary even in this experiment. During the test, split-Hopkinson bar strain
gage signals and the IR detector signal are recorded simultaneously by the oscilloscope.
Due to the wide angle of radiation collected by the spherical mirror4 , there is potential
for the moving split-Hopkinson bars to partially block the cone of radiation during the
experiment. In the low and moderate rate tests, a similar concern was alleviated by inserting
steel platens of trapezoidal cross-section between the specimen and the loading rods. In the
high-rate experiment, such a technique is not possible. Therefore, specimens needed to be
designed with sufficient length and diameter so as to avoid blockage of emitted radiation,
while also maintaining an aspect ratio which is appropriate for the split-Hopkinson bar
test (see, for instance, Gray III et al., 1997). The optimal geometry for the high-rate
heating experiment was found to be right circular cylinder with length of 3.6 millimeters
and diameter of 6.0 millimeters. This large specimen size, relative to the dimensions of the
split-Hopkinson bar apparatus (section 2.4.1), limited the materials which could be tested.
For instance, even at the highest striker bar velocities attainable, a PMMA specimen of 6.0
4While the spherical mirror has a diameter of 6 inches, the spot size on the specimen has essentially
negligible diameter and may be considered a point. The spherical mirror is located 12 inches from the
specimen location, and thus the cone of radiation has a vertex angle of approximately 300.
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millimeter diameter would not yield in our apparatus. Here results are presented for two
amorphous polymers - PC and PVC - with significantly lower high-rate yield stress than
PMMA.
Alignment and Focus Before testing, the optical set-up must be properly aligned and
focused. Due to the very small detector area and spot size, even slight misalignment or lack
of focus can cause the detector signal to severely diminish in magnitude. Though the entire
optical set-up is mounted on an optical table, both the fine alignment and focusing steps
must be repeated with each new day of testing.
Both the spherical mirror and the IR detector are mounted on stages which are ad-
justable in three mutually-perpendicular directions, while the flat mirror is adjustable in
two degrees of freedom. In the first step of coarse alignment, these three components' loca-
tions are adjusted so that their centerlines lie in the same vertical (z) plane as the specimen
centerline. Next, the x and y locations of the components are adjusted such that the to-
tal optical path is roughly 24 inches (12 inches from the specimen to the spherical mirror;
12 inches from the spherical mirror to the detector). This ensures a 1:1 correspondence
between the spot size on the specimen and the detector area.
Fine alignment is accomplished with a HeNe alignment laser (Edmund Optics), while
there is no specimen in place. The laser is mounted behind the specimen location, located
and aimed such that the beam passes through exactly the center of where the specimen
will be located. By adjusting the horizontal tilt angles of the spherical and fiat mirrors, the
laser's beam is directed onto the center of the detector lens. This ensures that the system is
properly aligned. In the final step of set-up, the optical system is focused. A mock specimen
of black Teflon with a hole through the center is placed between the split-Hopkinson bars
such that the through hole aligns perfectly with the path of the HeNe laser beam. The
alignment laser is then removed and replaced with a fiber optic light. This light emits a
conical rather than cylindrical beam, creating a shadowed image of the mock specimen on
the outer face of the detector housing. The sharpness of the image is adjusted by moving
the detector either forward or backward in the line of the projected image. Once the image
is optimally focused on the face of detector housing, the housing is moved forward a known
amount corresponding to the distance that the actual photovoltaic detector is set back inside
of the housing.
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Calibration Calibration is necessary in order to correspond a change in the voltage sig-
nal which is output by the detector/amplifier assembly with a temperature change in the
specimen. The experimental set-up configured for the calibration test is given in figure 4-7.
For calibration, another mock specimen is necessary, this time of identical material and
geometry as the actual specimens to be tested. Unlike the actual specimens, however,
a K-type bare-wire thermocouple is embedded in the mock specimen. A narrow hole is
drilled approximately 0.5 millimeters from the surface, and the thermocouple bead is fixed
in place with high-conductivity epoxy. The mock specimen with embedded thermocouple
is placed on a hot plate and heated 80-1000 C above room temperature. The exact temper-
ature is monitored by an Omega RD8800 Recorder ("Data Acquisition #2" in figure 4-7),
which has a built in cold-junction reference. Once at temperature, the heated specimen
is removed from the hot plate and quickly sandwiched between the split-Hopkinson bars
at the aligned/focused position. As the specimen cools, both the thermocouple tempera-
ture signal and the IR detector/amplifier signal (voltage) are recorded. Once the specimen
reaches room temperature, the two data acquisition systems are stopped simultaneously.
This calibration test is repeated 3-5 times. Variability is expected from one calibration test
to another, as the technique allows very little time to ensure that the heated specimen is
placed exactly at the correct aligned/focused position.5
In the analysis of the calibration data, the IR signal and thermocouple temperature
are aligned from their end points and plotted backwards, yielding a temperature rise ver-
sus voltage change curve such as that given in figure 4-8. As expected, as much as 25%
variability is observed from one calibration curve to another. The calibration curve which
exhibits the greatest voltage change for a given rise in temperature is taken to be the most
valid. If the specimen were placed either out of alignment or out of focus, the amount of
radiation received by the IR detector would only be decreased, leading to a lower voltage
output for a given specimen temperature.
In previous studies (Trojanowski et al., 1998; Bjerke, 2002; Lerch et al., 2003), a chopper
wheel was used in front of the IR detector during calibration in order to create a "pseudo-
a.c." radiation/voltage signal. These authors imply that there is a component of the set-up
which does not respond to constant or slowly-varying signals, and thus the chopper is
5Once removed from the hot plate, the specimen originally at 100-1200C will cool to below 80 0 C in a
matter of seconds. The high rate of cooling is exacerbated as soon as the specimen comes in contact with
the highly-conductive aluminum pressure bars.
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Figure 4-7: Schematic experimental set-up for temp
Hopkinson bar compression - calibration configuration.
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Figure 4-8: Typical calibration curve for the custom IR detection experimental set-up
diagrammed in figure 4-7, data and polynomial fit.
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required to modulate the signal at a frequency of 10-100 Hz. However, the authors are
in disagreement as to which particular component actually requires the modulated signal
- Trojanowski et al. (1998) say that it is the detector, Bjerke (2002) says that it is the
detector pre-amplifier, and Lerch et al. (2003) say that it is the electronics in general. In
this study, calibration was conducted both with and without a chopper wheel. There was
found to be no appreciable difference in the calibration curve, even for a range of chopper
frequencies (30-100 Hz). Thus, in the final calibration tests, no chopper wheel was used.
The calibration procedure must be repeated with each day of testing, as the aligned/focused
characteristics of the system are expected to change. Furthermore, the calibration must be
repeated for each new material tested to account for variability in emissivity.
Test The test configuration is given in figure 4-9. The test is set up by first carefully
locating the specimen at the correct aligned/focused position and sandwiching it between
the split-Hopkinson pressure bars. As in an ordinary split-Hopkinson bar test, the specimen
is both lubricated and held in place with a small amount of petroleum jelly. After initially
locating the specimen at the aligned position, the entire bar and specimen assembly is
then translated towards the striker bar approximately 1-2 millimeters. This is done to
compensate for the translation of the incident bar during compression, assuring that the
detector spot is focused on the center of the deformed specimen, not the undeformed.
The exact amount of translation is calculated from an initial test without temperature
measurement.
During the test, the IR signal and the split-Hopkinson bar strain gage signals (incident
and transmitted) are recorded by the digital oscilloscope at a sampling rate of one point
per 0.4 Its. Typical raw data, shifted so that the reflected, transmitted, and IR pulses start
at the same point, is given as figure 4-10.
In previous studies, the specimens for IR tests at high rates were always painted black
(see, for instance, Kapoor and Nemat-Nasser, 1998, Li and Lambros, 2001, Lerch et al.,
2003). This was intended to increase the IR signal-to-noise ratio by increasing the emissivity
of the specimen. In this study, tests at high rates revealed that the black paint detrimentally
affects results. At large strains, the temperature of painted specimens was found in fact
to be inferior to the temperature measured on unpainted specimens, despite the supposed
increase in emissivity. It is likely that an evolution in the texture of the painted surface
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Figure 4-9: Schematic experimental set-up for temperature measurement during split-
Hopkinson bar compression - test configuration.
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Figure 4-10: Typical raw data from a high-rate heating experiment: incident strain gage
signal, transmitted strain gage signal, and IR detector signal.
154
........................
. .. . ..................... ... ....
during the test significantly altered its ability to radiate heat. This factor of uncertainty was
eliminated from our experiments by conducting both the calibration and tests on unpainted
specimens. If the test optics are properly focused and aligned, any corresponding decrease
in signal amplitude will be inconsequential to the success of the experiment.
Additionally, extensive testing revealed that at larger strains the moving incident bar
did in fact partially block the cone of radiation, despite efforts to mitigate this effect. Thus,
at large strains, a portion of the spherical mirror is "darkened" and the measured specimen
temperature rise is less than actual. The result is a temperature rise curve which resembles
that of Lerch et al. (2003), reprinted in figure 4-4: at larger strains, the temperature appears
to hold constant or even decrease despite increased deformation. To solve this problem, the
spherical mirror was partially (-50%) covered with non-reflective tape on the incident
bar side for both the calibration and test. This ensured that the effective area of the
mirror collecting radiation would be the same in both the calibration and test, even if
partial blockage of the radiation cone occurred. For further details on this experimental
modification, see Garg, Mulliken, and Boyce (2006).
4.2.2 Results and Discussion
Low and Moderate Rates
Experimental results from testing at low and moderate strain rates is summarized in figures
4-11 to 4-14. For the case of PC, the characteristic stress-strain behavior (figure 4-11)
remains relatively constant over this range of strain rates, despite the isothermal to adiabatic
transition. Only at 1 s- 1 is the thermal softening affect readily apparent, and even then
the effect is slight. Nonetheless, as shown in figure 4-12, the specimen temperature rise is
non-negligible at all rates except 0.001 s- 1 (not shown). Even at 0.01 s- 1, the temperature
increases to approximately 150 C at a true strain of 0.78. However, the rate of temperature
increase at 0.01 s- 1 begins to decrease for strains greater than 0.5, owing to heat transfer.
This effect is not seen in either the 0.1 or 1 s- 1 curves, as the thermodynamic condition is
nearly adiabatic.
It is unusual to note that the measured temperature rise at 1 s-1 is equal to or lower than
the measured temperature rise at 0.1 s- 1, for all levels of strain. This unexpected response
is due to experimental error and not material behavior. Additional tests were conducted
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Figure 4-11: PC true stress-true strain behavior in uniaxial compression at low and mod-
erate strain rates.
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Figure 4-12: Measured PC specimen surface temperature rise under uniaxial compression
at low to moderate strain rates. The corresponding stress-strain curves are given in figure
4-11.
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Figure 4-13: PMMA true stress-true strain behavior in uniaxial compression at low and
moderate strain rates.
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Figure 4-14: Measured PMMA specimen surface temperature rise under uniaxial compres-
sion at low to moderate strain rates. The corresponding stress-strain curves are given in
figure 4-13.
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on PMMA at 0.1 s- 1 and 1 s- 1 in which the specimen temperature was continuously
recorded even after loading. For the tests originally at 0.1 s- 1, the specimen temperature
remained constant immediately after loading, and then eventually began to decrease, as
might be expected. However, in the tests at 1 s- 1, the measured temperature continued to
increase after loading, approximately 5-7°C, indicating that perhaps the response time of
the IR detector is not fast enough to capture the actual temperature rise real-time. Another
possible source of experimental error at 1 s- 1 is the black paint; during high-rate testing, the
black paint was found to be detrimental to the experimental technique, in such a way that
the measured temperature rise was lower than actual. As PC and PMMA have very similar
thermal properties, and also the specimen geometry and test technique were identical, these
effects are expected to be the same in the testing of PC, though similar diagnostic tests
were not conducted with PC. Further tests at low and moderate strain rates are needed to
verify these theories.
The measured temperature rise in PC at these low and moderate strain rates indicates
that the PC does in fact heat significantly under thermo-mechanically coupled and adiabatic
conditions. For this particular polymer, however, the associated changes in stress-strain be-
havior are minimal because of the relative lack of temperature sensitivity in the a-regime,
as measured by the DMA and indicated by yield and stress-strain data in the literature.
From 00C to 25 0C, the storage modulus of PC only decreases by 3%; on the other hand,
the storage modulus of PMMA decreases by 17% over the same temperature range. The
mechanical behavior of PMMA is much more temperature-sensitive close to room tempera-
ture, and for this reason the effect of heating under moderate strain rates is observed to be
much greater (figure 4-13). Even at 0.01 s- 1, where conductive heat transfer still occurs,
the thermal softening effect in PMMA is such that the apparent hardening has vanished.
The measured temperature rise of PMMA specimens under compression is given in
figure 4-14. As was the case for PC, the curve at 0.01 s- 1 exhibits the effects of heat
transfer, as the rate of temperature increase begins to decrease significantly at a true strain
of approximately 0.5. Owing to the greater mechanical work needed to deform PMMA to
large strains, as compared to PC, the measured temperatures are slightly higher at all rates.
In the test at 1 s-1, a temperature rise is measured which is higher than that measured at
0.1 s- 1. Nonetheless, the difference between the two is still less than expected, based on
the difference in mechanical work needed to deform PMMA at 1 s- 1 versus 0.1 s- 1. Again,
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possible sources of experimental error include inadequate response time of the IR detector
and an evolving texture of the black paint. In the tests at high rates, both of these possible
sources of error are eliminated, as is the possibility of any heat transfer.
High Rates
High strain rate testing was conducted on both PC and PVC. Due to the large specimen
geometry, it was not possible to access a range of strain rates within the split-Hopkinson
bar regime, which is typically 500 s- 1 to 5000 s- 1. Numerous tests were conducted on each
material at one strain rate: 2550 s- 1 for PC and 3100 s- 1 for PVC. In both cases, the
observed deformation was homogenous.
The PC tests are summarized in figure 4-15. One typical true stress-true strain curve
is pictured, along with three measurements of temperature rise under the same strain rate.
Together, the three temperature rise curves demonstrate the repeatability of the newly-
implemented test method. This repeatability is a direct consequence of precise positioning
of the specimen prior to testing; in the calibration test, when such precise positioning was
not possible, measured temperature-IR voltage curves varied by as much as 25%.
In the case of PC, again the observed true stress-true strain curve has the same character
as curves observed at low and moderate strain rates. In fact, despite the adiabatic thermo-
dynamic condition and expected thermal softening, the PC exhibits less thermal softening
in the high rate curve of figure 4-15 than it does at low and moderate rates (figure 4-11).
As is discussed later, this decrease in softening in the case of PC is thought to be linked to
the restriction of a-motions. The measured temperature rise is approximately 240C for a
true strain of 0.47, or 110 C higher than the measured temperature at 0.1 s- 1 for the same
level of strain.
Figure 4-16 summarizes results of high-rate heating tests on a second amorphous poly-
mer, PVC. As discussed in Chapter 7 (section 7.2), the PVC stress-strain behavior changes
dramatically when spanning rates that provide isothermal to adiabatic conditions. In the
high-rate curve of figure 4-16, the effects of thermal softening and entropic hardening appear
to cancel. The measured temperature rise in PVC is slightly higher than that observed for
PC, due in large part to the fact that more work is needed to deform it to large strains.
Again, the four curves of temperature rise as a function of strain demonstrate the precision
of this test method.
159
IOU
140
120
'7 100
. 80
H 60
40
20
0
3'
45
40
35
30
25 8
20
15
10
5
A
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
True Strain
Figure 4-15: PC true stress-true strain behavior and corresponding temperature rise under
uniaxial compression at an average true strain rate of approximately 2550 s- 1 . Plotted is a
representative stress-strain curve and three measured curves of temperature rise, all under
the same strain rate conditions.
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Figure 4-16: PVC true stress-true strain behavior and corresponding temperature rise under
uniaxial compression at an average true strain rate of approximately 3100 s- 1 . Plotted is
a representative stress-strain curve and four measured curves of temperature rise, all under
the same strain rate conditions.
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Figure 4-17: PC post-yield energies of deformation under high strain rate (2550 s- 1) com-
pression: total work (Wpy), dissipated energy (AQp_y), and stored energy (AUp_y). Work
and dissipation curves are calculated from the stress-strain and temperature rise data in
figure 4-15, respectively; stored energy is calculated as the difference between the two. At
strains prior to yield, data is not necessarily valid as dynamic equilibrium is yet to be
achieved.
The test data obtained in high-rate experiments, where the thermodynamic condition
is undoubtedly fully adiabatic, allows for a direct calculation of the amount of work which
is dissipated as heat. Consequently, the amount of stored energy may be calculated, as
the difference between the total work of deformation and this dissipated energy. In figure
4-17, the dissipative energy of high-rate PC deformation (2550 s- 1) is compared with that
portion of the work which is stored; a corresponding figure for PVC is given as figure 4-18.
In both cases, energy calculations prior to yield are not included, as the split-Hopkinson
bar stress-strain data is not valid in this region. Once dynamic equilibrium is established -
at a time approximately coincident with yield - data is assured of being valid.
In the case of PC (figure 4-17), significantly more energy is dissipated as heat than is
stored, for all levels of strain beyond yield. Even at moderate strains the amount of work
dissipated is greater than 75%. This result is in contrast to the published results of Oleynik
and co-workers (Rudnev et al., 1991; Salamatine et al., 1992) which indicate that, for many
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Figure 4-18: PVC post-yield energies of deformation under high strain rate (3100 s- 1 )
compression: total work (Wp-y), dissipated energy (AQpy), and stored energy (AUp_,).
Work and dissipation curves are calculated from the stress-strain and temperature rise data
in figure 4-16, respectively; stored energy is calculated as the difference between the two.
At strains prior to yield, data is not necessarily valid as dynamic equilibrium is yet to be
achieved.
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amorphous polymers, nearly half of the work of deformation after yield is dissipated for
strain levels up to 30-40%. For the case of PC (figure 4-3), the data of Rudnev et al.
(1991) indicates that approximately 40% of the post-yield work is stored for a post-yield
strain of 30%. According the high-rate data of this study (i.e. figure 4-17), only 20% of the
work is stored for the same level of post-yield strain. However, the deformation calorimetry
tests of Oleynik and co-workers were conducted at quasi-static strain rates (,10-2 s- 1),
where the intermolecular deformation resistance (resistance to chain translation/rotation)
is much lower. If the energy storage during moderate strains is relatively insensitive to rate,
then we would expect the ratio of energy stored/dissipated to be higher at the lower rates
than at the high rates where restrictions on the 0-motions significantly increases the overall
deformation resistance (and dissipation).
Furthermore, the PC deformed under high strain rate exhibits significantly less softening
than PVC. In fact, it exhibits less softening than even PC deformed at low and moderate
strain rates. It is perhaps not coincidental that the PC and PVC have very different energy
storage characteristics at low and moderate (<30%) strain levels. In the PVC (figure 4-18),
there is more energy stored than dissipated up to a post-yield strain of approximately 15%,
and the fraction of energy dissipated never exceeds 70%. Hasan and Boyce (1993) note
that the secondary energy storage mechanism, that which occurs from small to moderate
strains and is not related to entropic hardening, occurs over the same range of strains as the
strain softening phenomenon. Nonetheless, by testing annealed and quenched specimens on
a strain rate regime sampling the same basic process (for example, a, or a + ,), they also
note that the energy storage appears to be essentially independent of strain softening. It is
expected that the secondary energy storage mechanism, that occurring mainly at low and
moderate strain levels, as well as the strain softening phenomenon are both affected by the
mobility and nature of the 3-motions. This is a promising avenue of future research which
is discussed in more detail in section 4.3.2.
4.3 Modelling
Following the techniques first proposed by Boyce et al. (1992b) and later applied by Arruda
et al. (1995), the effects of energy storage and dissipation under adiabatic deformation are
incorporated into the constitutive model of Chapter 2. The work of the entropic back stress
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is taken to be stored, while the inelastic work associated with the viscoplastic dashpots is
purely dissipative. From the first law of thermodynamics, the rate of change in temperature
for the material under adiabatic conditions is given as:
=trace(TAa A ) trace(TAp•A) (4.1)
PCP PCP
where TAa and TAp are the true stress tensors acting on the a and 3 components of the
model (defined in equations 2.19 and 2.20, respectively) and 1PAu and DAp are the rates
of viscoplastic stretching (defined in equations 2.15 and 2.16, respectively). All are defined
with respect to the current (loaded) configuration. Appropriate values for the density p and
specific heat c, of PC, PMMA, and PVC, used in the model predictions of this section, are
given in table 4.1. For the case of PC and PMMA, values were taken from the suppliers'
datasheet 6; for the custom-made PVC, values were approximated from widely-available data
for commercial brands of PVC.7
Table 4.1: Adiabatic heating model parameters
PC PMMA PVC
p [kg/m 3]  1200 1190 1380
cp [J/kg-oK] 1250 1470 1100
This modelling approach does not take into account the secondary energy storage mech-
anism described by Hasan and Boyce (1993) and also apparent in the data of Rudnev et al.
(1991), thought to be associated with structural changes occurring during low and mod-
erate strains (<30%). However, Arruda et al. (1995) found these methods to successfully
capture the dramatic change in PMMA stress-strain behavior from isothermal to adiabatic
strain rates. In this study, accurate temperature measurements for three different amor-
phous polymers over a range of strain rates allows for a more thorough evaluation of this
approach.
4.3.1 Model Predictions
Following equation 4.1, the model predicts a significant rise in the polymer's temperature
under adiabatic conditions. This temperature rise alters the predicted mechanical behavior,
6PC: Lexan® 9034 Datasheet, obtained from www.gepolymershapes.com, April 2005. PMMA: Plexiglas®
G Datasheet, obtained from www.plexiglas.com/altuglas, May 2005
7PVC: see, for instance, www.plasticsusa.com, www.cheresources.com
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Figure 4-19: PC true stress-true strain behavior in uniaxial compression at 0.1 s- 1 and 2550
s- 1: experiment, isothermal model, and adiabatic model.
as calculated through the thermal-activation model of yield together with the temperature-
dependent elastic constants and shear resistance. The experimental results of this study
allow the modelling techniques to be evaluated not only on their ability to predict the
measured temperature rise, but also in terms of their ability to capture the corresponding
changes in the stress-strain behavior.
The model is first evaluated for the case of PC deformed in uniaxial compression at 0.1
s- 1, 2550 s- 1, and 5050 s- 1. Figures 4-19 and 4-21 show the experimentally-measured stress-
strain response at these three rates in comparison with the model predictions under both
an isothermal and an adiabatic assumption. As noted earlier, PC exhibits significantly less
temperature sensitivity in its elasticity than does PMMA or PVC. Following the techniques
described in Chapter 2, the model has already been properly calibrated for the temperature
sensitivity of elasticity in PC, which ultimately determines the temperature sensitivity of
the shear resistance ("s") through its relationship with the elastic constants. Thus the
isothermal and adiabatic model predictions are very similar, despite the evolution of heat
in the adiabatic case through viscoplastic dissipation.
For PC deformed at 0.1 s- 1, the adiabatic model provides only a marginally better
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Figure 4-20: PC specimen temperature rise in uniaxial compression at 0.1 s- 1 and 2550
s- 1 : experiment and adiabatic model prediction.
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Figure 4-21: PC true stress-true strain behavior in uniaxial compression at 5050 s-l: ex-
periment, isothermal model, and adiabatic model.
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Figure 4-22: PC specimen temperature rise in uniaxial compression at 5050 s-l: adiabatic
model prediction.
prediction of the experimental curve than does the isothermal model. Under high-rate de-
formation, the isothermal model actually gives a closer prediction of the experimental curve
than does the adiabatic model. This is demonstrated in both figure 4-19 and figure 4-21 for
compression at 2550 s- 1 and 5050 s- 1, respectively. The agreement between the isothermal
model prediction and the experimental curve measured under adiabatic conditions may be
attributed to the fact that PC exhibits less intrinsic softening at high rates. This is a unique
feature of the material response which is not incorporated into the constitutive model. It
has been hypothesized that the need to activate backbone-type 3-motions for yield - as
in the case for PC under high-rate deformation - will decrease strain softening (Monnerie,
Halary, & Kausch, 2005). This is an area of current research, and is discussed in more detail
in section 4.3.2.
Due to the relative temperature-insensitivity of PC, the model predictions of the stress-
strain response under adiabatic conditions provide little basis on which to evaluate the
proposed modelling techniques. However, the adiabatic model predictions of temperature
rise, compared against the experimental measurements in figure 4-20, provide validation for
these techniques. In both cases, the model predicts the measured temperature rise to within
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Figure 4-23: PVC true stress-true strain behavior in uniaxial compression at 3100 s-l:
experiment, isothermal model, and adiabatic model.
30 C at all levels of strain. At 2550 s- 1, it is expected that the agreement between model
and experiment would be even better if the stress-strain curve were more accurately cap-
tured by the model. There is no experimental result corresponding to the model-predicted
temperature rise at 5050 s- 1, shown in figure 4-22.
The model is next evaluated for the case of PVC, which unlike PC exhibits significant
thermal softening under high strain rate deformation. In figure 4-23, the isothermal and
adiabatic model predictions are compared against the experimental result for a strain rate of
3100 s- 1. Here clearly the adiabatic model provides a better prediction of the stress-strain
response than does the isothermal model. While still under-predicting the stress by approx-
imately 10% at all levels of strain, the adiabatic model captures well the character of the
stress-strain curve and predicts the correct amount of post-yield softening. The isothermal
model, on the other hand, incorrectly predicts the existence of significant hardening in the
material, beginning at a true strain of 0.3. The effect is such that the stress at large strains
is over-predicted by the isothermal model by as much as 30%.
In figure 4-24, the adiabatic model is also shown to capture well the magnitude of tem-
perature rise in PVC under high-rate deformation. However, the character of the PVC
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Figure 4-24: PVC specimen temperature rise in uniaxial compression at 3100 s-l: experi-
ment and adiabatic model prediction.
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Figure 4-25: PMMA true stress-true strain behavior in uniaxial compression at 0.1 s- 1 and
1500 s-l: experiment, isothermal model, and adiabatic model.
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Figure 4-26: PMMA specimen temperature rise in uniaxial compression at 0.1 s- 1 and 1500
s-1 : experiment (0.1 s- 1) and adiabatic model prediction (.1 s- 1 and 1500 s-1).
temperature rise curve is slightly different than that predicted by the model. In the ex-
perimental curve, the rate of temperature increase continually increases through a range
of intermediate strains, 0.10 to 0.35, before reaching an inflection point. The model, on
the other hand, predicts a rate of temperature increase with strain which is continually
decreasing. This discrepancy may be attributed to the secondary energy storage mecha-
nism - that known to occur over low and moderate strains - which is not considered in the
model formulation. For PC, there was no such discrepancy at intermediate strains, possibly
because restrictions on the P-motions in that case have also limited the polymer's ability
to access the second energy storage mechanism. More discussion on this topic is given in
section 4.3.2.
Finally, the model is used in predictions of PMMA behavior during adiabatic deforma-
tion. As shown in figure 4-25, again the adiabatic model provides a much better prediction
of stress-strain response than does the isothermal model. At 0.1 s- 1, the agreement between
the experiment and adiabatic model is excellent. The slight discrepancy in stress level at
large strains, approximately 10% at a true strain of 0.75, could be captured by consider-
ing temperature dependence in the orientation-induced hardening as detailed by Arruda
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et al. (1995). At 1500 s- 1, however, the adiabatic model still does not capture well the
dramatic softening observed experimentally. In this case the fit is not expected to improve
significantly by considering temperature-dependence in the orientation hardening, as little
orientation has developed over the strain region in which the discrepancy exists. Further-
more, the magnitude of the observed error is much larger than the changes in hardening
response when temperature-dependence is considered.
The disparity between experiment and model prediction for the case of PMMA under
high-rate compression may be attributed in large part to the fact that the parameters for the
thermal activation model of yield have not been fully optimized for temperature dependence.
As discussed in Chapter 2, appropriate values for the viscoplastic flow parameters (AG and
ý00) were determined from rate-dependent yield data. Ideally, values for these parameters
would be determined from both rate- and temperature-dependent yield data. Also, the
values of the shear resistances in the a and 3 processes (sQ and sp) were calculated from
an analytical split of the measured storage modulus curve. For the case of PMMA, it was
especially difficult to determine an appropriate split of the data due to the overlap of the
two transitions. In Appendix B, a supplement to this chapter, it shown that in fact the
particular parameters listed in Chapter 2 do not allow the model to capture the general
trend in experimental temperature-dependent yield data available in the literature. The
model significantly under-predicts the temperature sensitivity of PMMA yield; if captured
correctly, the model would predict significantly more thermal softening under high-rate
compression, where the expected temperature rise is 50-70 C for 50% strain.
The work of Monnerie et al. (2005) points towards yet another possible explanation for
the disparity between experiment and model predictions of PMMA stress-strain behavior
under high-rate compression. Monnerie suggests that PMMA exhibits increased strain
softening corresponding to the degree to which 3-motions are restricted, irrespective of the
thermal softening effect (Monnerie et al., 2005). This unique behavior of PMMA is not
considered by the current model, and is discussed in more detail in section 4.3.2.
Adiabatic model predictions of the PMMA temperature rise as a function of strain
during deformation at rates of 0.1 s- 1 and 1500 s- 1 are given in figure 4-26. For this
material, temperature measurements were not possible at high strain rates and thus only
one experimental curve for a test at 0.1 s- 1 is given. This experimental curve is significantly
over-predicted by the adiabatic model. Such disagreement is surprising, since the model
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Figure 4-27: Model-predicted PC energies of deformation under high strain rate (2550 s- 1)
compression: total work (W), dissipated energy (AQ), and stored energy (AU).
captured so well the observed stress-strain response at the same strain rate. As suggested
earlier, several sources of experimental error existed in the temperature measurements at
low and moderate strain rates. This discrepancy could merely be a manifestation of one
or more of those possible sources of error. Otherwise, it is possible that the PMMA stores
significantly more energy during low and moderate strains, as seems to be the case for PVC.
The observed softening in the stress-strain response, then, would have to be explained not
in terms of thermal softening, but rather in terms of changes in intrinsic softening behavior
brought on by stress-activation of the f-motions (Monnerie et al., 2005).
The constitutive model's success lies in its ability to discriminate work which is dissipa-
tive from work which is converted to stored energy. By considering together the measured
stress-strain curves and observed temperature rise under adiabatic conditions, we were able
to determine experimentally the relative contributions of energy storage and dissipation for
both PC and PVC at high strain rates. These results were presented in figures 4-17 and
4-18. In figures 4-27 and 4-28, the corresponding model predictions are given. For the
case of PC (figure 4-27), the model's breakdown of stored versus dissipated energy closely
resembles that calculated from the experimental results. At all levels of strain beyond yield,
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Figure 4-28: Model-predicted PVC energies of deformation under high strain rate (3100
s- 1) compression: total work (W), dissipated energy (AQ), and stored energy (AU).
at least 80% of the work of deformation is dissipated. For the case of PVC (figure 4-28),
the model predicts a similar distribution of stored and dissipated energy. The model does
not predict the additional energy storage at low and moderate levels of strains observed
experimentally. This is a issue to be addressed in future iterations of the model, which
incorporate a more sophisticated treatment of the energy storage phenomena.
4.3.2 Future Work
The modelling techniques employed here, which are an extension of those techniques first
proposed by Boyce et al. (1992b), provide a first approximation in the effort to predict the
effects of dissipated energy under adiabatic deformation at high strain rates. In many cases,
the model predictions are adequate; in some cases, they are exceptional. Nonetheless there
exists sufficient room for improvement.
It has been noted that many amorphous polymers exhibit a secondary energy storage
mechanism which is distinct from the mechanisms associated with molecular alignment and
the entropic back stress, as well as elasticity (see, for instance, Hasan and Boyce, 1993).
This storage mechanism is thought to be related to structural changes on the molecular scale
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Figure 4-29: 1D rheological interpretation of the proposed constitutive model framework
with revisions to account for additional low-strain energy storage.
which occur after yield and saturate at approximately 30% strain. It is an energy storage
mechanism which is not considered in the current formulation of the model. However, the
experimental results of this study suggest that it is an important effect at least in the case
of PVC, and perhaps PMMA as well.
For those amorphous polymers in which secondary energy storage is important, an
appropriate revision of the model formulation is suggested here. The revision is intended
to provide a general framework which may be adapted to different polymers, but which is
capable of capturing the most important feature of this mechanism: the mechanism is only
operative at low and moderate strains (<30%); at larger strains, no additional energy is
stored8 (Hasan & Boyce, 1993). A simple spring, linear or not, does not satisfy this need,
as it would continue to store energy with increased deformation. However, in combination
with a dashpot (figure 4-29) an additional spring can be used to store energy until the
dashpot is activated. This dashpot will accommodate strains greater than 25-30%, while
allowing the spring to continue to hold at the same stress level. As shown in figure 4-29,
this Maxwell "storage" element is to be considered an extension of the a-process, which
in the present formulation is the component used to capture phenomena associated with
large scale chain motions. Nonetheless, sufficient data has been presented in this study
to suggest that f-motions also play a role in this energy storage mechanism, perhaps by
8 That is, no additional energy is stored by this particular mechanism. At strains greater than 30%, energy
continues to be stored via elasticity and molecular alignment. These mechanisms are already considered by
the model.
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facilitating the large scale chain rotations/translations which locally store energy. To this
end, an appropriate mathematical description of stress and thermal activation in this new
element is yet to be determined.
In order to implement this strategy, it is first necessary that the model accurately
captures the strain softening phenomenon, which also occurs over low and moderate strains
(<30%), and which also seems to be affected by the accessibility of 3-motions. While
the techniques employed in this chapter allow the model to capture in most cases the
thermal softening effect, there is need to better capture the rate-dependence of intrinsic
strain softening, irrespective of the contributions of dissipative heat. The constitutive model
predicts strain softening through an evolution in the shear resistance with plastic strain;
the shear resistance is taken to decay to a "steady-state" value over the first 25-30% strain.
Currently, this steady-state value of the shear resistance is defined as a constant ratio of
its initial value, regardless of temperature or strain rate. However, for at least the case of
PC, this assumption does not appear to hold over a wide range of strain rates. Significantly
less softening is observed in PC deformed at high strain rates than at low strain rates,
despite the increase in temperature associated with adiabatic deformation. In the case of
PMMA, there appears to be more intrinsic strain softening at high rates than at low rates,
though superposed thermal softening and model parameters which are not optimized for
temperature-dependence make it difficult to draw conclusions.
As shown in figure 4-30, these effects might be captured by considering a steady-state
value of the shear resistance and/or strain softening slope which are not constant in both
temperature and strain rate. In particular, the PC behavior may be captured by adjusting
the softening parameters for high rates such that there is no global softening in the isother-
mal model prediction. That is, intrinsic softening is just cancelled by the magnitude of
entropic hardening. When the simulated thermodynamic condition is changed to adiabatic,
softening appears through an increase in temperature (thermal softening). By comparing
figures 4-30(a), 4-30(b), and 4-30(c) with figures 4-19, 4-20, and 4-21 respectively, it is
obvious that this set of parameters provides a better fit of both the stress-strain and tem-
perature rise curves, as compared to the parameters which were used to fit the low and
moderate rate data. This result provides further credence to the suggestion that intrinsic
softening is at least partially suppressed in the PC deformed at high strain rates.
For the case of PMMA, the high-rate softening behavior in the adiabatic case may
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Figure 4-30: PC (a) stress-strain behavior at 2550 s-l: experiment, isothermal model, and
adiabatic model (b) temperature rise at 2550 s- 1, experiment and adiabatic model predic-
tion (c) stress-strain behavior at 5050 s- 1: experiment, isothermal model, and adiabatic
model (d) temperature rise at 5050 s- 1, adiabatic model prediction. For the model predic-
tions, the softening parameters were adjusted such that global softening was suppressed in
the isothermal case (ss,/so: 0.58 -+ 0.77, ha: 300 MPa -- 500 MPa).
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be better captured simply by optimizing the thermal activation model parameters for
temperature-dependence. This minor item of future work is discussed in more detail in
Appendix B. However, even after adjusting these parameters, the model may still under
predict the high-rate softening behavior due to an increase in the intrinsic softening when
fl-motions are restricted. Such behavior has been suggested in a recent review article by
Monnerie et al. (2005), who also note that intrinsic strain softening in PC seems to decrease
when f-motions are restricted. Monnerie and co-workers theorize that the nature of the ,-
motion (i.e. side group versus main chain rotation) determines whether the strain softening
amplitude will increase or decrease once the motions become restricted.
At the present time, very little attention has been paid to these changes in the softening
behavior of amorphous polymers. It is only recently that more complete data sets, cov-
ering homogeneous stress-strain behaviors over a wider range of strain rates, have become
available to theorists. Nevertheless, still more experimental data is necessary before corre-
sponding model revisions can be proposed which are any more than phenomenological in
nature. Because the rate-dependent data is clouded by the emergence of thermal softening
under adiabatic deformation, it would be more useful to examine temperature-dependent
stress-strain data spanning temperatures both above and below the 3-transition tempera-
ture. Furthermore, this data is needed for a wide array of polymers with varying chemistry
before connections may be drawn between macroscopic softening behavior and molecular
dynamics.
The strategy going forward is to study these phenomena - moderate strain energy
storage and strain softening - not independently, but rather in tandem. Both appear to be
closely linked to the accessibility and the nature of the f-motions. In conjunction with the
experiments described above, it may be elucidating to repeat the experiments of Hasan and
Boyce (1993) on polymers which have been deformed at temperatures/rates both above and
below the p-transition. These tests would provide information on the relative significance
of moderate-strain energy storage as function of f-mobility. Furthermore, a test could be
designed to better quantify any "backstress" associated with this secondary energy storage
mechanism. Specimens would be loaded in compression to moderate strains, and then
unloaded and re-loaded in tension in the same direction. The corresponding compressive
and tensile yields, as well as stress achieved at maximum compressive strain, could together
reveal this information. Again, the tests would be repeated on either side of Tp, in order
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to determine how the magnitude of this backstress is affected by the polymer's ability to
access small-scale f-motions. All these tests need to be conducted on a variety of polymers
with different types of f-motions (i.e. side-group versus backbone), as the trends seem to
be highly dependent on the specific molecular mechanics.
4.4 Conclusion
An infrared technique for measuring specimen temperature rise during split-Hopkinson bar
compression testing has been refined and applied here in the study of the thermomechanical
behavior of amorphous polymers under high strain rates. Specifically, temperature mea-
surements were used to directly calculate the fraction of input work which is dissipated as
heat. Results of testing on both PC and PVC indicated that a non-negligible fraction of
inelastic work is converted to stored energy in the polymer, though the magnitude is much
less than that observed by Oleynik and co-workers at quasi-static rates (Rudnev et al., 1991;
Salamatine et al., 1992). This discrepancy is attributed mainly to the fact that high-rate
deformation induces significantly more resistance through the strength of intermolecular
forces; work done against these forces is generally dissipative. The experimental results for
PVC and, to a lesser extent, PMMA, also provide circumstantial evidence in support of the
existence of a secondary energy storage mechanism occurring at low and moderate levels of
strain.
In the second portion of this study, the constitutive model introduced in Chapter 2 is
extended to predictions of specimen temperature rise under adiabatic deformation. This is
accomplished by taking the work of the entropic back stress to be stored energy, whereas
the inelastic work of the viscoplastic dashpots is purely dissipative. The secondary energy
storage mechanism, occurring at low and moderate strains, is not considered. As a first
approximation, this technique is shown to be successful. The model very closely predicts
the temperature rise measured experimentally for both PC and PVC, simultaneously val-
idating both the experimental methods and the modelling approach. Furthermore, the
model captures the dramatic thermal softening observed in both PVC at high rates and
PMMA at moderate (but still adiabatic) rates, as the predicted temperature rise is cou-
pled to mechanical response through the thermal activation model of yield as well as the
temperature-dependent elastic constants and shear resistance.
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Avenues of future research have been suggested in order to capture even more accurately
the complex thermomechanical behavior of amorphous polymers. A new model framework
is proposed which shall be able to account for the additional energy storage occurring at
low and moderate strains. Also, an experimental program is suggested in order to better
understand the features of intrinsic rate-dependent strain softening, apart from heating
effects. It is clear that the well-documented P-transition of many amorphous polymers
plays an important role in the magnitude of strain softening, an effect which as of yet is
not considered in any theoretical model mainly due to a lack of comprehensive data on the
subject.
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Chapter 5
Pressure Effects
During high-rate impact events, it is expected that large hydrostatic pressures will develop
in the colliding materials. This notion is supported by figure 5-1, which shows both an
experimental photograph and simulated pressure contours of a Taylor impact test on poly-
carbonate. In this particular test, a 76.2 mm PC cylinder impacted a steel plate at 277
m/s. Just after impact, the simulated pressure is shown to be in excess of 500 MPa, or
about 25% of the room temperature Young's modulus for this material. Both the elasticity
and yield strength of polymers are known to be pressure-sensitive, and in the presence of
such large pressures, these effects must be thoroughly considered. Pressure dependence in
the elasticity is especially important because the material wave speed is determined by the
elastic moduli. As shown by Sarva, Mulliken, and Boyce (2005), wave propagation and
interaction plays a very important role in the response of polymeric cylinders in Taylor
impact. In order to more accurately simulate impact events such as this, the constitutive
model presented in Chapter 2 must be revised in order to consider pressure dependency in
the elasticity as well. Here, this need is addressed along with a review of the treatment of
pressure dependence in the shear yielding behavior.
5.1 Background
Beginning in the 1950s and continuing up to the 1970s, a limited number of studies exam-
ined specifically the pressure-dependence of elasticity, yield, and fracture in glassy polymers.
These studies have been reviewed by Sauer, Pae, and co-workers (Sauer, Pae, & Bhateja,
1973; Pae & Bhateja, 1975; Sauer, 1977), who themselves were involved in many of the
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Figure 5-1: Taylor inlpact test: polycarbonate rod (L=76.2mm, D=12.7mm) impacting a
steel target at 277 m/s. High-speed photograph (left) and ABAQUS/Explicit FEM simu-
lation pressure contours (right) 2-5 J-lS after impact (Sarva et al., 2005).
182
experiments. The experiments generally involved probing the uniaxial tension, uniaxial
compression, or shear behavior of specimens subjected to a large superposed hydrostatic
pressure (0-1000 MPa). The pressurizing was accomplished by surrounding a universal
mechanical testing instrument with a sealed chamber, which could then be pumped with
hydraulic fluid to the desired pressure. In every case tests were carried out at room temper-
ature and quasi-static strain rates (10- 5 s- 1 to 10- 3 s-l). Experiments of this kind were
conducted on a wide range of semicrystalline and amorphous polymers. Upon collecting this
data for the first time, Sauer et al. (1973) notes that for most polymers, both the modulus
and yield strength will increase several hundred percent with the application of high (>500
MPa) hydrostatic pressure. In general, the pressure sensitivity was found to be greater in
semicrystalline polymers than in amorphous polymers. It was also noted that, for most
polymers, both the axial modulus and the yield strength increase linearly with increases in
pressure (Pae & Bhateja, 1975; Sauer, 1977). Furthermore, it is recognized that whether
linear or not, the pressure dependence in the yield strength mimics the pressure dependence
in the modulus (Sauer, 1977).
Deviation from linear pressure dependence is consistently observed for polymers which
exhibit a glass transition close to, but below, room temperature. Figure 5-2, reprinted from
Silano, Pae, and Sauer (1976), shows the pressure dependence of both the shear modulus
and shear yield stress of semicrystalline polypropylene (PP; Tg=-200 C). A kink is observed
in both curves at a pressure of approximately 2.5 kbar (250 MPa). This kink is thought to
be the consequence of a pressure-dependent shift of Tg. At pressures below 250 MPa, the
amorphous domain of PP would exhibit rubbery behavior; at pressures above 250 MPa, the
amorphous domain of PP would exhibit glassy behavior. It is noted here, and elsewhere
for other polymers (Sauer et al., 1973; Sauer, 1977), that the pressure-sensitivity of both
the modulus and yield strength is much greater in the rubbery regime than in the glassy
regime.
This portion of the literature provides important insight into the specific pressure-
dependence of the two exemplary amorphous polymers investigated in this thesis, PC and
PMMA. Three studies report specifically on the pressure-dependent modulus and yield
strength of PC: Sauer, Mears, and Pae (1970), Christiansen, Baer, and Radcliffe (1971),
and Spitzig and Richmond (1979). Christiansen et al. (1971) conducted their tests in
uniaxial tension under large superposed hydrostatic pressure, whereas Sauer et al. (1970)
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Figure 5-2: Polypropylene pressure-dependent shear modulus and shear yield strength
(Silano et al., 1976).
and Spitzig and Richmond (1979) conducted both uniaxial tension and compression under
pressure. The data from these three studies has been compiled and presented in a consis-
tent manner in figures 5-3 and 5-4. Similarly, three studies focused specifically upon the
pressure-dependent modulus and yield behavior of PMMA: Rabinowitz, Ward, and Parry
(1970), Harris, Ward, and Parry (1971), and Matsushige, Radcliffe, and Baer (1976). Both
Rabinowitz et al. (1970) and Harris et al. (1971) conducted torsional tests under pressure,
providing data on the pressure-dependent shear modulus and shear yield strength, whereas
the uniaxial tension tests of Matsushige et al. (1976) provide data on pressure-dependent
Young's modulus and axial yield strength of PMMA. The data from the three studies on
PMMA is compiled in figures 5-5 and 5-6. For both polymers, the modulus and yield
strength are shown to be highly pressure-dependent.
It is expected that the bulk behavior of amorphous polymers is also pressure-dependent.
Again, this would have important ramifications in the simulation of high-rate impact events,
where pressures may be as large as a few GPa. However, experimental data on the subject
of bulk modulus pressure-dependence in the glassy state is extremely limited, especially for
pressures on the order of 500 MPa. Carter and Marsh (1995) at Los Alamos have studied the
relationship between pressure and volume for a variety of amorphous polymers at pressures
from 1 GPa to 50+ GPa via shock wave techniques. In figure 5-7, their data for PC and
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Figure 5-3: PC Young's modulus as a function of pressure; experimental data compiled
from the literature.
PMMA are reproduced. In both cases, the relationship between pressure and normalized
volume is strongly nonlinear, indicating a pressure-dependent bulk modulus. For the case
of PC, there is a substantial drop-off in normalized volume at a pressure of approximately
25 GPa; a similar phenomenon is observed for polystyrene (Carter & Marsh, 1995). Carter
and Marsh attribute this drop-off to the collapse of ring structures in the polymer chain.
PMMA, which has no ring structures in either its main chain or side groups, does not exhibit
the same behavior (figure 5-7). These phenomena observed by Carter and Marsh - strong
pressure dependence in the bulk modulus over the range 0-60 GPa, a significant drop in
volume at -25 GPa for polymers with a ring structure - will have important consequences
in regards to material behavior under extreme blast loading conditions. Nonetheless, in the
impact events of interest in the study, pressures are expected to be much lower than even
investigated by Carter and Marsh.1
Warfield (1966) studied the pressure-volume behavior of amorphous polystyrene at more
'The first data points reported by Carter and Marsh (1995) and reproduced in figure 5-7 correspond
to pressures >1.5 GPa. In Taylor impact simulations, pressures reached a maximum of -500 MPa (Sarva
et al., 2005).
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Figure 5-4: PC axial yield strength as a function of pressure; experimental data compiled
from the literature compared with predictions from the Mulliken-Boyce constitutive model
(Chapter 2).
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Figure 5-6: PMMA shear yield strength as a function of pressure; experimental data com-
piled from the literature compared with predictions from the Mulliken-Boyce constitutive
model (Chapter 2).
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Figure 5-7: Pressure-volume data for Lexan® PC and Plexiglas® PMMA, where Vo is the
measured volume at zero pressure. Data points from Carter and Marsh (1995).
relevant pressures (0-1115 MPa), and essentially found there to be insignificant changes in
the bulk modulus over the range 0-400 MPa. That is, the pressure-volume relationship in
this range is very nearly linear, as shown in the 25°C curve of figure 5-8. Additional insight
may be garnered from the rubber elasticity literature, where, in a few limited studies, ex-
periments have been conducted on the compressibility of rubbery polymers. This data was
recently summarized by Bischoff, Arruda, and Grosh (2001) and modelled with a compress-
ible rubber elasticity theory. Figure 5-9 shows the Bischoff model fit to three independent
sets of pressure-volume data, corresponding to three different rubbery polymers. Here, too,
it may be seen that the pressure-volume relationship is nearly linear for pressures less than
300-400 MPa.
Yet another way to evaluate the pressure-dependent mechanics of amorphous polymers
is to examine pressure-dependent shifts of the relevant material transitions (e.g. a, 3,
etc.). This method has direct analogy to the dynamic mechanical spectroscopic techniques
utilized in quantifying the rate-dependent shifts of the viscoelastic transitions (Chapter 2).
In the literature, a limited number of studies have focused on the pressure-dependent shift
of the glass transition (Tg) in amorphous polymers, using predominately pressure-volume-
temperature (PVT) measurements. The PVT test yields data on the specific volume of a
polymer as a function of both temperature and imposed hydrostatic pressure; at Tg, there
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fit to pressure-volume data for three rubbery materials (Boyce
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is a distinct "kink" in the volume-temperature curve. By tracking the temperature location
of this kink as a function of pressure, the pressure-dependence of Tg may be determined.
Other techniques for examining the pressure dependence of material transitions include
differential thermal analysis (DTA) and dielectric analysis (DEA), both of which may be
optionally conducted under superposed hydrostatic pressure. In table 5.1, data on the
pressure dependence of Tg in amorphous polymers has been compiled from three studies:
Bianci, Turturro, and Basile (1967), Zoller (1982), and Schouten, Scholten, Nelissen, and
Nies (1991). In these studies, the pressure applied never exceeded 150 MPa, but still
significant shifts of the glass transition were observed. The glass transition of amorphous
polymers is observed to shift approximately 30-500 C/100 MPa pressure.
Table 5.1: Pressure-dependent shift of a-transition (Tg); data compiled from the literature.
dTg/dP
Polymer [oC/100 MPa] Max. Pressure Tested Reference
PC 53.1 100 MPa Zoller (1982)
PVAc 35.5 30 MPa Bianchi et al. (1967)
PVC 37.5 30 MPa Bianchi et al. (1967)
PS 28.0 150 MPa Schouten et al. (1991)
As for the pressure dependence of secondary transitions (e.g. 3), even less research has
been conducted. Koppelmann and Gielessen (1961) report that the temperature location
of the dielectric /3-peak of PVC is insensitive to pressure, for tests in the pressure range
0-100 MPa. Similar pressure insensitivity has been observed for the /3 transitions of both
polyethylene terephthalate (PET) (Williams, 1966) and poly-n-butyl methacrylate (PBMA)
(Williams & Edwards, 1966). Through dielectric testing under imposed pressure, Williams
(1966) found the PET 3-peak to shift approximately one decade in frequency with 200
MPa of imposed pressure. Williams notes that this pressure-dependent shift is about four
times less than the pressure-dependent shift of the a-transition observed for other polymers:
polymethyl acrylate (PEMA), polypropylene oxide, and polyvinyl acetate (PVA). Williams
and Edwards (1966) found the PBMA /3-peak to shift only 0.1 decade in frequency for 100
MPa in pressure, whereas the a-peak of this same polymer shifted 1.2 decades in frequency
for the same amount of pressure. There is no experimental data for any amorphous polymer
to suggest that the pressure-sensitivity of the /-transition is greater than the pressure-
sensitivity of the a-transition. Thus the correspondence between pressure-sensitivity and
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rate-sensitivity is minimal, at least with regards to the molecular mechanisms of deformation
resistance.
5.2 Modelling
Original Method
In the constitutive model of Chapter 2, pressure dependence of the elastic constants, in-
cluding the bulk modulus, was not taken into account. Pressure-dependence of the shear
resistance to inelastic deformation is given as:
sa = sa + aap (5.1)
gp = so + arp (5.2)
where a, and ac are the a and , process pressure coefficients, respectively, and the pressure-
independent athermal shear resistances (s. and sp) are given as functions of the rate- and
temperature-dependent elastic moduli:
0.0774,
sa = (5.3)1 - Va
= 0.077pp (54)
Thus, the shear resistance values used in the plastic strain rate equations (equations 2.29
and 2.28) are implicitly rate- and temperature-dependent and explicitly pressure-dependent.
The process-specific pressure coefficients are determined from available data in the litera-
ture, as described in the "Material Parameters" section appended to Chapter 2. As shown in
figures 5-4 and 5-6, these methods accurately capture observed pressure dependence in the
yield strength of both PC and PMMA. Nonetheless, the pressure dependence in elasticity
has been neglected. The pressure-dependent elasticity determines the material wave speed,
which is important in high rate loading conditions. Furthermore, pressure dependence in
the bulk modulus is not considered, which may or may not play an important role in the
bulk response of polymers under impact.
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Proposed Methods
Method 1 The first proposed method is to use pressure-dependent shifts of the storage
modulus a-component to capture the pressure dependence of both the elastic shear moduli
and the shear yield strength. In this manner, pressure-dependence would conveniently
be incorporated into the decompose-shift-reconstruct techniques described in Chapter 2
(section 2.3.2). These techniques were shown to be successful in capturing the rate- and
temperature-dependence of both the elastic moduli and yield strength. In this method,
pressure dependence of the shear yield strength will arise through implicit dependence on
pressure of the a shear resistance (s,), which is calculated from the elastic moduli (equation
5.3). Unlike the original methods, pressure-dependence is implemented only through the
a-process. Available literature data seems to indicate that the pressure-dependence of the
,-transition is either nonexistent or negligible in comparison to the pressure-dependence of
the a-transition (Tg). The inherent assumption is that a polymer's ability to access the
small-scale f-motions is largely unaffected by the presence of hydrostatic pressures up to
500 MPa. This assumption is accepted here as only a first approximation in the absence of
more thorough data.
This method considers primarily the pressure-dependence of the Young's modulus.
Other a-process elastic constants are calculated from the pressure-dependent Young's mod-
ulus as well as a pressure-independent bulk modulus. The calculation of the bulk modulus is
left unchanged from the methods described in Chapter 2 (section "Material Parameters"),
despite indications in the literature to suggest that this parameter too is pressure-dependent.
At this time, there is insufficient data to determine even the magnitude of the pressure-
dependence of the bulk modulus, though it is expected that the effect is small at least
for pressures less than 100 MPa. Further research on this topic is needed, as discussed in
section 5.3.
In order to test this method in the cases of PC and PMMA, an appropriate value for
the a-component pressure-dependent shift factor is required. In the original decompose-
shift-reconstruct methods, the rate-dependent shift factors for the a and f storage modulus
components were taken directly from experimentally-observed rate-dependent shifts of the
corresponding transitions. Here we draw off of available literature data on the pressure-
dependent shift of Tg to determine a pressure-dependent shift factor for the storage modulus
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Figure 5-11: PC yield strength as a function of pressure; model method 1 compared to
experimental data from the literature (Sauer et al., 1973; Christiansen et al., 1971; Spitzig
& Richmond, 1979). Method 1 is a pressure-dependent shift of the modulus a-component,
50'C/100 MPa.
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Figure 5-12: PMMA Young's modulus as a function of pressure; model method 1 compared
to experimental data from the literature (Matsushige et al., 1976). Method 1 is a pressure-
dependent shift of the modulus cr-component, 500C/100 MPa.
100 200 300 400
Pressure [MPa]
500 600 700
Figure 5-13: PMMA shear yield strength as a function of pressure; model method 1 com-
pared to experimental data from the literature (Rabinowitz et al., 1970; Harris et al., 1971).
Method 1 is a pressure-dependent shift of the modulus a-component, 50 0C/100 MPa.
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a component. As summarized in table 5.1, the Tg of various amorphous polymers has been
observed to shift approximately 30-500C per 100 MPa of pressure applied. Simply for the
purposes of testing this method, the a-component pressure shift factor is taken to be 500 C
per 100 MPa pressure, for both PC and PMMA.
The method is first tested against literature data for PC. As shown in figures 5-10
and 5-11, the method severely under-predicts the pressure dependence of both the Young's
modulus (figure 5-10) and the axial yield strength (figure 5-11). In order to capture just
the pressure-dependence of the Young's modulus, a shift factor of approximately 150 0C
per 100 MPa pressure would be required. Based on available data (table 5.1), such a shift
factor seems physically unreasonable. Furthermore, the pressure-dependent yield strength
would still be under-predicted, as it exhibits a greater pressure sensitivity than does the
Young's modulus. For PMMA, the pressure-dependence of the Young's modulus is very
nearly captured by this method, as shown in figure 5-12. However, as was the case for PC,
the yield stress appears to have a greater pressure-sensitivity than the Young's modulus,
and still the pressure-dependent yield is well under-predicted (figure 5-13).
These disappointing results provide motivation for establishing a more accurate method
for capturing pressure-dependence in the elasticity and yield strength of amorphous poly-
mers.
Method 2 Here, a second, more general method of capturing pressure-dependent effects
in the elasticity and yield of amorphous polymers is suggested. The method is to modify
the a shear modulus for explicit pressure dependence:
14a = pl(, 0) + mp (5.5)
where m is the shear modulus pressure coefficient. To accurately capture pressure depen-
dence in the yield strength as well, the pressure-dependence must be "amplified" through
an additional explicit pressure-dependence on the a shear resistance:
sa = sa + np (5.6)
where n is the amplification factor. In this method, the final shear resistance sa is implic-
itly rate-, temperature-, and pressure-dependent through its relationship with the elastic
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Figure 5-14: PMMA shear modulus as a function of pressure; model method 2 compared
to experimental data from the literature (Rabinowitz et al., 1970). Method 2 is explicit
pressure dependence in both the shear modulus and the shear resistance, as defined by
equations 5.5 and 5.6.
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Figure 5-15: PMMA shear yield strength as a function of pressure; model method 2 com-
pared to experimental data from the literature (Rabinowitz et al., 1970; Harris et al., 1971).
Method 2 is explicit pressure dependence in both the shear modulus and the shear resis-
tance, as defined by equations 5.5 and 5.6.
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Figure 5-16: PC Young's modulus as a function of pressure; model method 1 compared
to experimental data from the literature (Sauer et al., 1973; Spitzig & Richmond, 1979).
Method 2 is explicit pressure dependence in both the shear modulus and the shear resistance,
as defined by equations 5.5 and 5.6.
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Figure 5-17: PC axial yield strength as a function of pressure; model method 2 compared to
experimental data from the literature (Sauer et al., 1973; Christiansen et al., 1971; Spitzig
& Richmond, 1979). Method 2 is explicit pressure dependence in both the shear modulus
and the shear resistance, as defined by equations 5.5 and 5.6.
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constants, and now also explicitly pressure-dependent. This method is motivated by the
fact that experimental data for most polymers demonstrates a linear pressure-dependence
in both elasticity and yield (Pae & Bhateja, 1975; Sauer, 1977). Again, it is assumed that
the pressure-dependence is an a-process phenomenon, and also that the bulk modulus may
be taken to be constant in pressure. Both of these are approximations, and further research
is needed to determine whether or not they are justified. The two parameters - m and n -
are determined by fitting available data presented in figures 5-3 to 5-6; optimal values for
PC and PMMA are given in table 5.2.
In figures 5-14 to 5-17, Method 2 is shown to capture well the available data for both PC
and PMMA. The success of this method lies in its generality and simplicity. With future
research into the pressure-dependent effects, it is expected that this method will be replaced
by techniques which are more physical than phenomenological in nature.
Table 5.2: PC and PMMA pressure coefficients, following proposed method #2
PC PMMA
m 1.30 0.95
n 0.059 0.257
5.3 Future Work
In this chapter, a particular implementation of pressure-dependence is suggested which, in a
phenomenological manner, captures existing experimental data for the pressure-dependent
modulus and yield strength of PC and PMMA. However, this experimental data is severely
limited in scope. Further research is needed in order to understand more clearly the ef-
fects of pressure-dependence coupled with rate- and temperature-dependence in polymeric
materials. Specifically, very little is known in regards to the role of the f-process in this
pressure dependence, which has been shown to have a significant effect on both the rate-
and temperature-dependence of glassy polymers. To address this need, an experimental pro-
gram could be designed in which pressure-dependent elastic and yield behavior is probed
both above and below Tp. These experiments could also be conducted at varying strain
rates, in order to better understand the coupling between rate, temperature, and pressure
in determining the mechanical behavior of amorphous polymers. Finally, in order to most
accurately capture pressure-dependence in the elastic behavior, more experimental data is
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needed in regards to the pressure dependence of the bulk modulus of glassy polymers.
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Chapter 6
Model Summary
This chapter provides a brief summary of the final constitutive model, including the re-
visions proposed in Chapter 3 (thermal expansion), Chapter 4 (adiabatic heating), and
Chapter 5 (pressure effects). For more detailed discussion on these individual topics and
their corresponding implementation in the model, the reader is referred to the previous
chapters. In the final sections of this chapter, additional modifications are proposed for
future implementations of the model. These modifications include the addition of linear
viscoelasticity, discussed briefly in Chapter 2, as well as the addition of a secondary energy
storage component, as discussed in Chapter 4.
Throughout the derivations of this chapter, terms relating to the combined thermo-
elasto-viscoplastic element will be given a subscript of "A", and terms relating to the en-
tropic hardening element shall be given a subscript of "B" (as denoted in figure 2-13).
All quantities specific to the a and f components will be given those subscripts as well.
Boldface type indicates tensorial quantities in this three-dimensional formulation.
6.1 Kinematics
The total deformation gradient F acts in full on each of the three main components of the
model:
FA. = FAO = FB = F (6.1)
In the a and f components of the model, decomposition of the deformation gradient into
elastic, thermal expansion, and plastic components is considered, following Weber and Boyce
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FFigure 6-1: Schematic representation of the thermo-elasto-plastic kinematic framework.
Starting at the far left and continuing clockwise, the configurations are labelled as the
reference, the loaded, and the unloaded. The configuration at the bottom is an intermediate
configuration not explicitly referred to in this chapter.
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(1989) and described schematically in figure 6-1. The multiplicative decomposition of the
deformation gradients is given as:
FA, = e tAhapA (6.2)
FAp = FApOhaF t p  (6.3)
It is assumed that all plastic deformation is volume preserving, i.e. detF = detFP = 1.
The rate of deformation is described by the velocity gradient L = LAa = LA -- FF-1
By substituting the expressions 6.2 and 6.3 into this definition, the velocity gradient too is
expressed in terms of elastic, thermal, and plastic components:
LAc = L'* + Fe* Lt + F Lh F th (F•) - 1  (6.4)
LA, = Le+ [L + Fth L (F -  (Fe•A -  (6.5)
where L F ,(F)e-1, Lth h (Fth )- 1, and LA - FP (F)- 1 (i = a, f). We also
introduce the thermo-plastic velocity gradient, Lthp:
thp = thp F Athp• th F Ah L(FtAh Dthp + Wq th (6.6)A  FA, ( A) = + F (A c t p A thp Ac
--p tthp thp th th D t h p + W t h p  (6.7)
LAh Ath (F A L Ah LAf FAp = FDA A A
where D t hp and D thp (symmetric tensors) represent the rates of thermo-plastic stretching;
similarly, W thp and W thp (skew tensors) are the rates of thermo-plastic spin. Here, the
thermo-plastic flow is taken to be irrotational, i.e. Wthp = Wthp = 0. It follows, then, that
thp = D t Fthp F (6.8)
Fthp = Dthp F thp (6.9)
AO AO A0
The expressions above are integrated explicitly to obtain F thP and F thP the elastic portion
of the deformation gradients are then obtained via
Fe = FAa (Fhp) (6.10)
F = FA- Ft;(hp -1F• =FAO(Ft Ah) (6.11)
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Fh and Fh are constitutively prescribed, allowing for the calculation of FP and Fp :
F = F (h F thp (6.12)
FP= (Fh ) - 1 F thp  (6.13)
In general, the rate of thermo-plastic stretching is considered to be the sum of two
contributions:
thp =(p
DAh  = DA, (TA, , Ai) + MA(0, Ai)0 (6.14)
DthP = DAO(TA, 0, Ak) + AM (0, Ak) (6.15)
Where YDA. and MA2 0 (i = a, 0) primarily capture the rate of plastic stretching and the
rate of thermal stretching (thermal expansion) in the unloaded configuration, respectively. 1
Both contributions depend upon the current temperature 0 and a list of tensorial internal
variables, Ai or Ak. The rate of plastic stretching depends also on the driving stress (TA,
and TAO).
The rate of plastic stretching in this thermo-elasto-plastic framework can itself be con-
sidered the sum of two components:
Fpth (TA, 7A, Ak)F ,
, = Sym F h L (FPF )h -1+ sym A, (k AF) (6.16)
SApth= sym(F LP(F t ') +SYm A( ( OAk) F ) (6.17)
In these expressions, the first term is simply the symmetric part of the convected plastic
velocity gradient; the second term represents that part of the thermal velocity gradient
which evolves with a changing internal state. Both terms are framed in the unloaded
configuration.
The second contribution to the rate of thermo-plastic stretching is taken as the portion
1Note, however, that in general 15PAi# FtAh LA (F) - 1 and MA, LtAh (i = a,).
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of the thermal velocity gradient which evolves with changing temperature:
MAa = sym (Fh ) - 1  (6.18)
MAao = sym Ad (AO)- (6.19)
Combining equations 6.18 and 6.19 with equations 6.16 and 6.17, along with the irrotational
constraint, the total thermo-plastic velocity gradients are in general given as:
Lthp = Dthp = th LP (Fh -1 A th th -1 (6.20)
-= A, [, m ( + A,, a+ (6.20)
Lthp = Dthp sym F th L (F h)-l+ A th (Fth 1 (6.21)
In this thermo-elasto-plastic framework, the constitutive model requires explicit con-
stitutive description of both the plastic velocity gradient (LP and LP ) and the thermal
expansion component of the deformation gradient (FAhf and Fthp), as well as the stresses
which arise from deformation.
6.2 Material Description
6.2.1 Thermal Expansion
As a first approximation, the thermal expansion behavior is assumed to be isotropic. Any
functional dependence of Fth on network orientation is neglected. With this assumption,
the thermal expansion tensor is taken to be purely volumetric:
Fth = Fth= ,3(0)1 (6.22)
where f is a scalar-valued function. The description of thermal expansion in the a and P
processes is taken to be the same, so that the material will expand uniformly in both a
macroscopic and a local sense. With this isotropic description, there is no component of the
thermal velocity gradient which evolves with the internal state of the material. The second
term in equations 6.20 and 6.21 (last term in equations 6.16 and 6.17) vanishes. The rate
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of thermo-plastic stretching simplifies then to:
Dthp =hsym F th L PA (F h-1+Yt 1
A, sym AaL Fsym aF (Fa) -1 (6.23)
Dthp = sym (F4 p(F )-1) + sym (F~'h )-1 (6.24)
Without loss of generality, the first term in equations 6.23 and 6.24 - the symmetric por-
tion of the convected plastic velocity gradient - is described as the product of a magnitude
(Ap, or .) and a direction tensor (NPA or NA):
= Sym(Fth Lp (FtA )) =-1 athp (6.25)
5PAC = sym (F~,AL. F,) = A. N ,*A (6.26)SY  F th P (F h)-1 LPhp (6.26)
where Nthp and NAth are taken to be coaxial with the deviatoric stresses (convected back
to the unloaded configuration) acting on the a and 3 components of the intermolecular
network (A), respectively:
(Fe ,)-'T' FeNthp A• A A)-TA (6.27)Ac, ITA, l
AITlI
Section 6.2.2 provides constitutive laws for TA, and TAp; section 6.2.3 provides constitutive
laws for ygP and ý.P.
The second term in equations 6.23 and 6.24 - the portion the thermal velocity gradient
which evolves with changing temperature - is calculated from the suggested form of Fth
(equation 6.22):
sym (Fth )-1 ym (F•h )-1) = &(0)61 (6.29)
where a (= dln P3/d) is the temperature-dependent coefficient of thermal expansion. Thus
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the final expression for the thermo-plastic velocity gradient is given as:
LAhpP - c A1 P + alh (6.30)
Lthp = INtAhp + al (6.31)
The scalar function 3(0) (equation 6.22) is determined through its relationship with
the coefficient of thermal expansion. As a first approximation, the CTE (a) is taken as a
constant, independent of temperature. It follows, then, that
Fth= FtAh = exp [a(- o)] 1 (6.32)
The description of thermal expansion (in the glassy regime) requires just one parameter
- the coefficient of thermal expansion, a. Appropriate values for a may be determined
experimentally, as described in section 3.2, and are also available in the literature for many
common amorphous polymers.
6.2.2 Elasticity
The intermolecular (element A) contribution to the material stress state is related to the
deformation by the constitutive laws for the linear elastic springs:
1
TA 1 = Le [lnVeA] (6.33)J1
TA = O0L [lnV (6.34)
Where TAi (i = a, P) is the Cauchy (true) stress; Ji = detF . is the elastic volume change;
Le is the fourth-order modulus tensor; and In V5 is the Hencky strain. It is assumed
that the material is initially isotropic, and that the elastic behavior of the material may be
decomposed into a and 3 components.
The modulus tensors are formed from the process-specific shear moduli (A,, and p3) and
bulk moduli (/a and tp):
S= 2tial+ Ka- / I®I (6.35)
£ = 2I(+ P - 3 I)®I (6.36)
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where I and I are the fourth-order and second-order identity tensors, respectively. Experi-
mental DMTA data provides values for the rate- and temperature-dependent process-specific
Young's moduli, following the techniques described in Chapter 2. To determine the rate-
and temperature-dependent process-specific bulk moduli, the relative contributions of the
a and 3 processes are taken to scale in accordance with the Young's modulus data, while
maintaining a constant value for the overall bulk modulus of the polymer:
(6.37)K3 (01, e) E3(01, e)
Na(0, e) + ap3(0, e) = Ko (6.38)
where no is the (constant) total bulk modulus, with value given by the material's reported
bulk modulus at standard rate (10- 3 s-l1), temperature (25 0 C) and pressure (1 atm) condi-
tions. The process-specific Young's moduli and bulk moduli are then used to calculate the
rate- and temperature-dependent process-specific shear moduli:
Pa( 3K(O, )E(O, ) (6.39)
a0,9) =9Ka(0, () - Ea(O, i)
(0 3n(0, i)E3(0, ) (6.40)9r,(01, i) - E,(O, e)
Finally, the a-process shear modulus is modified to capture pressure-dependence in the
elastic behavior:
jFa = p(i, 0) + mp (6.41)
where p is the external pressure and m is a pressure coefficient. In this study, appropriate
values for m were determined from experimental data in the literature.
6.2.3 Viscoplasticity
The constitutive laws for the magnitude of plastic flow in the a and 3 processes are given
as:
P = o, exp - 1 ( (6.42)
A = 2 exp sinh k Jl (6.43)
,3 =2ý0,,3 xp O k
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where •,' (i = a, 3) is the pre-exponential factor proportional to the attempt frequency;
AGi is the activation energy; and si is an internal variable. The shear stresses T- and r•
are scalar equivalent stress measures, calculated as:
Ta = ZT'A T'A. (6.44)
TO = 6 T'A TA (6.45)
where T'A = TAi - ltrace(TA,) (i = a, p) is the deviatoric part of the stress tensor.
It has been assumed that the stresses in the a process are sufficiently high such that
the reverse progress of plastic flow may be neglected. In the ,-process, this assumption is
not appropriate for many of the applications of the model and thus the flow rule retains the
full hyperbolic sine form.
In both processes, the initial value of the internal variable si is related to the shear
modulus and Poisson ratio, as first described by Argon (1973):
a = 0.077(6.46)1 - u"
sop 77 (6.47)
In the a-process only, the shear strength s is taken to evolve to a preferred state with plastic
straining:
S= ha 1 - S(6.48)
where ha is the softening slope and ss,a describes the "preferred state". This internal
variable allows the temperature dependence of the yield stress to mimic the temperature
dependence of the elastic shear moduli, and its evolution in the a-process captures the
strain softening phenomenon. Furthermore, the a-process value of s is modified to capture
pressure dependence of the yield strength:
ga = sa + np (6.49)
where n is a second pressure coefficient. The final shear resistance As inserted into equation
6.42 is implicitly rate-, temperature-, and pressure-dependent through its relationship with
the elastic constants, and also explicitly pressure-dependent following equation 6.49.
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Experimental yield data is used to solve for the pre-exponential factors 0,a and 'lp
and the activation energies AGo and AGp. Following a technique originally developed in
association with the Ree-Eyring yield model, the experimentally-measured yield values are
decomposed into a and f contributions, assuming that the two processes individually exhibit
characteristic Eyring behavior. For each process, the parameters are calculated through a
pair of simultaneous equations which are developed by applying either equation 6.42 or 6.43
at the point of yield. The pressure coefficient n is determined from pressure-dependent yield
data, available in the literature for a number of amorphous polymers. Finally, the softening
parameters ha and sss,a are determined by fitting the model to experimental stress-strain
curves.
6.2.4 Entropic Hardening
The stress in the non-linear hardening component, the network "back stress" due to entropic
resistance to molecular alignment, is taken to be deviatoric and is defined as in the earlier
models using the Arruda-Boyce 8-chain approximation:
TB CR f-(chain S (6.50)
3 AP k /
where APchain = trace(3)/3 is the stretch on a chain in the eight-chain network; L is the
Langevin function defined by £(,3) - coth 3 - -; B' is the deviatoric part of the isochoric
left Cauchy-Green tensor, B = (detF)- 2/ 3FFT; VN is the limiting chain extensibility; and
CR = nkO is the rubbery modulus (where n is the number of chains per unit volume, k
is Boltzmann's constant, and 0 is the absolute temperature). The magnitude of this back
stress increases asymptotically as the chain stretch approaches its limiting extensibility.
Two model parameters are needed to define the Langevin spring behavior: the rubbery
modulus CR and the limiting chain extensibility v'N. Both of these parameters are taken
to be constants, and are determined by fitting the model to experimental stress-strain data
over the region dominated by strain hardening.
6.2.5 Adiabatic Heating
Under rate conditions which are known to be adiabatic, heat is evolved in the system
through the dissipative work of the viscoplastic dashpots. As a first approximation, only
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the elasticity and inelastic work of the entropic spring are taken to be stored. Following the
first law of thermodynamics, a corresponding temperature rise is predicted by the model:
Strace(T· V a) trace(TA r PI )A,= + (6.51)
PCP PCP
where TA. (i = a, f) is the deviatoric stress convected back to the unloaded configuration
(i.e. TA = (F )-1T A), p is the material density and cp is the specific heat. This
predicted temperature rise is coupled with the predicted mechanical response of the polymer
through the implementation of thermal expansion, the thermal activation model of yield,
as well as the temperature-dependent elastic constants and shear resistance. Values for
the two material properties required for implementation of adiabatic heating - p and cp
- are widely available in the literature, and also may be readily measured with existing
commercial laboratory equipment.
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6.3 Model Parameters and Material Constants
elasticity
Aa(0,1) A0(0,1) process-specific shear moduli
.a(0,e) rp((,() process-specific bulk moduli
m shear modulus pressure coefficient
viscoplasticity
Pa pre-exponential factors
AGa AGp activation energies
ha softening slope
sss,a preferred state of athermal shear strength
n shear strength pressure cofficient
entropic hardening
CR rubbery modulus
~VN limiting chain extensibility
thermal expansion
a linear coefficient of thermal expansion
adiabatic heating
p material density
Cp specific heat
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As detailed above, the constitutive model described in this thesis requires definition for
17 model parameters and material constants in order to simulate complex events of high-rate
impact. However, it is expected that in many other applications, not all aspects of the model
will need to be considered, thus significantly reducing the number of parameters/constants
to be defined. For instance, a simulation of PC in uniaxial compression at quasi-static
strain rate and room temperature would require knowledge only of the a-process elasticity
and viscoplasticity parameters, as well as the entropic hardening parameters (total of 8
constants).
6.4 Implementation of Linear Viscoelasticity
As discussed briefly in Chapter 2, it may be advantageous to implement a form of viscoelas-
ticity in the constitutive model rather than the discrete rate-dependent elasticity (stiffness
tensor that depends on strain rate) originally proposed. For one, viscoelasticity provides a
mathematical framework which is more appropriately descriptive of the true material be-
havior at small strains, although small strain behavior is not the primary interest in this
thesis. The viscoelastic techniques also offer a solution for potential numerical problems
associated with the current model framework and its implementation in the finite element
method.
As originally proposed, the model calculates the current elastic moduli and shear resis-
tances from an estimate of the strain rate. If there is a simulation in which there is a large
gradient in strain rate, then there will correspondingly be a strong gradient in elastic moduli
and shear resistance. Also, if there is a jump in strain rate, there would be a corresponding
jump in the value of the modulus since we are using a hyperelastic relationship (relating
stress to the current total elastic strain) rather than a hypoelastic relationship (relating the
increment in stress to the current increment in elastic strain). The current technique can
inadvertently generate discontinuous jumps and fluctuations in the material wave speed due
to the changing elastic moduli. These spatially- and temporally-varying wave speeds have
potential to cause numerical difficulties especially in simulations of high-rate impact where
either the mesh is too coarse or the time step too large. It is expected that an alternate
implementation of rate-dependent elasticity, based on linear viscoelasticity theory, would
eliminate any of these potential problems.
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Figure 6-2: 1D rheological interpretation of the constitutive model with linear viscoelasticity
included.
An alternate model framework, incorporating instead a linear viscoelastic description
of time-dependent elasticity, is suggested here. A one-dimensional rheological depiction of
the suggested model is given as figure 6-2. In place of the rate-dependent a and 3 elastic
springs, there is now a Maxwell element in series with each of the viscoplastic dashpots.
The mathematical description of the elastic springs is the same as before (equations 6.33
and 6.34), except now the material description is such that the modulus tensors are formed
from constant values of p and , - there is no variation with either rate or temperature.
The corresponding dashpots are taken as linear, Newtonian dashpots, with rates of shear
straining IL and J:
= TL (6.52)
=L 0 (6.53)
where Ta and -r3 are the equivalent shear stresses acting on the a and f components (as
defined in equations 6.44 and 6.45), and ,% and 7p, are the viscosities to be defined.
In incorporating this description of linear viscoelasticity into the constitutive model
previously defined, the viscoelastic (linear in T)) shear straining is taken to be coaxial with
the viscoplastic (non-linear in 7) shear straining, which itself is defined as coaxial with the
stress convected back to the unloaded configuration. In this manner, viscoelastic straining
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is considering merely by an extra term in the definitions of RD and U :
SL= (j+N thp (6.54)
N= (-+ L)Nh p (6.55)
where and L are defined as in equations 6.52 and 6.53, AL and NL are defined exactly
as ag and in equations 6.42 and 6.43 (only the nomenclature has changed), and NthpAa
and Nth• are defined as in equations 6.27 and 6.28.
Appropriate values for the elastic constants (Ma and p•, n, and n,) and viscosities
(ra and qp3) are determined by considering the model in the case of uniaxial stress relax-
ation. The Maxwell element (linear spring-dashpot combination) used in both the a and 3
components predicts an exponential decay of the axial modulus with time:
E(t) = Eoexp (--Eot) (6.56)
where Eo is the initial (short time) modulus, dictated by the elastic spring, and the ratio
Eo/rl describes the ensuing exponential decay afforded by the linear dashpot. The inverse
of Eo/r1 is also defined as the time constant, I [s] (not to be confused with the shear stresses
T-, and T-0).
The experimental DMTA measurements and corresponding analytical techniques pre-
sented in Chapter 2 provide data to which this simple viscoelastic model may be fit, for
the case of stress relaxation. As reprinted in figure 6-3 for the case of PC, the analytical
techniques of Chapter 2 led to a description of the rate- and temperature-dependent axial
moduli specific to the a and 3 processes. In lieu of high strain rate measurements of the
axial modulus, the short time values may be approximated with low temperature values.
That is, Eo for the a process (equation 6.56) is set to E, at -140 0C (-2000 MPa for PC;
figure 6-3) and Eo for the / process is set to E,3 at -140 0C (,1000 MPa for PC; figure 6-4).
From these short time values of the axial moduli, the necessary (constant) shear moduli
may be calculated, again assuming a constant total bulk modulus with a and / components
that scale with the ratio Ea/Ea. In this manner, the axial behavior of the elastic springs is
generalized to three dimensions.
In order to calculate appropriate values for the viscosities 7r7 and lp, it is necessary to
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Figure 6-3: PC storage modulus components (analytical) as a function of temperature.
Vertical dashed lines mark the lowest temperature achieved in experiments (-1400 C) and
room temperature (25 0C).
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Figure 6-4: Time-dependent PC elastic modulus components following the implementation
of linear viscoelasticity in the a and 3 processes.
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Figure 6-5: PC effective axial modulus components as a function of strain rate, following
the implementation of linear viscoelasticity in the a and 3 processes. The effective modulus
is estimated as the modulus value for a time corresponding to the inverse of the strain rate.
define long time values of Ea and Ep, as well as the time it takes for the modulus to decay
from its short time value to these long time values. One method, employed here, is to take
the room temperature values of the storage modulus components as the long time values, as
denoted in figure 6-3. Then the time to decay to this value is taken as the inverse of the DMA
instrument's imposed strain rate: 1/10 - 3 = 1000 s. With these values, the viscosities r7, and
r7P are calculated as 1.05x1013 Pa-s and 1.45x1011 Pa-s, respectively. The corresponding
time constants are 5250s and 145s for the a and 3 processes, respectively. Figure 6-4 shows
the model's predicted behavior in axial stress relaxation, following implementation of linear
viscoelasticity with these values for the constants. Figure 6-4 provides an estimate of the
"effective" modulus components predicted by the viscoelastic formulation as a function
of strain rate. As in the original implementation of rate-dependent elasticity, the two
processes act in tandem to provide resistance to elastic deformation. At long times (slow
strain rates), the 3 contribution becomes negligible in comparison with the a resistance.
Extensive validation and investigation of this linear viscoelasticity implementation is given
in Appendix C, a supplement to this chapter. The model with viscoelasticity incorporated is
compared against the original model formulation in simulations of creep, stress-relaxation,
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Figure 6-6: 1D rheological interpretation of the constitutive model with both linear vis-
coelasticity and components to capture secondary energy storage.
and post-yield stress relaxation.
The method of implementing linear viscoelasticity in place of the rate-dependent elas-
ticity originally posed provides perhaps a more accurate description of the small-strain,
time-dependent behavior of amorphous polymers, as well as a more thermodynamically ap-
propriate description of the hyperelastic constitutive relation between stress and total elastic
strain. In the above-described methods, both the entropic hardening and the viscoplastic
shear resistance are unchanged from the original implementation. The shear resistances
s. and sp are still calculated from the current strain rate and temperature in a discrete
and sometimes discontinuous manner. The intent of the suggested model changes is mainly
to be more physically precise and to smooth out any numerical difficulties associated with
rapidly fluctuating wave speeds. In simulations of high-rate Taylor impact, such as those
reported on in Sarva et al. (2005), it is has been found there are no appreciable changes in
the predicted highly inhomogeneous and dynamic structural response when linear viscoelas-
ticity is used in place of the original rate-dependent elasticity. However, these suggested
changes may allow for larger time steps and/or a more coarse mesh to be employed without
difficulty, thereby reducing computation time.
6.5 Future Work: Viscoelasticity + Energy Storage
As discussed in Chapter 4, future iterations of the constitutive model may include also the
effects of a secondary energy storage mechanism not captured in the current framework. In
order to also consider rate-dependence in the elastic behavior through an implementation of
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linear viscoelasticity - motivated either by a desire to more accurately capture small strain
behavior or a need to eliminate potential numerical difficulties in high rate simulations -
the methods proposed in the future work section of Chapter 4 may be combined with the
linear viscoelasticity implementation discussed in the previous section. A one-dimensional
spring-dashpot representation of this proposed combined model is given as figure 6-6. In
this model, an additional spring-dashpot combination is added in parallel to the a and
f components, though it may be considered an extension of the a-process. This storage
element is to be defined mathematically such that stress builds up in the spring, either
in a linear or non-linear manner, over low and moderate strain levels (<30%); beyond
approximately 30% strain, further deformation is accommodated by the dashpot while the
stored energy remains constant. In this manner, the storage element will be able to capture
at least the phenomenological features of the secondary energy storage mechanism described
by Hasan and Boyce (1993), among others. Further researcher is needed to understand the
molecular physics behind this storage mechanism, and specifically the role of the small-scale
f-motions. In the combined model, the viscoelasticity and viscoplasticity in the a and 3
processes may be defined just as before, accounting mainly for that work which is dissipated
in the polymer.
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Chapter 7
Application to Polymer Composite
Material Systems
Introduction
In the second chapter of this thesis, it was suggested that the elastic, yield, and post-yield
behavior of amorphous polymers may be explained in terms of multiple activated processes,
each with their own unique rate-, temperature-, and pressure-dependence, and each associ-
ated with a particular segmental motion of the polymer's macromolecules. Specifically, it
was postulated that the restriction of certain small-scale secondary (3) molecular mobilities
enhances both the stiffness and strength of the bulk material. An experimental procedure
was outlined which allowed for a precise description of the rate and temperature conditions
under which this restriction would occur. Finally, a new constitutive model was proposed, in
an attempt to capture the observed behaviors in a way that is congruent with the molecular
theory. In this model, two separate activated processes compose the total intermolecular
deformation resistance; these processes are assumed to be sufficiently de-coupled such that
their contributions are independent. Throughout Chapter 2, these methods were success-
fully applied to the rate-dependent behavior of two exemplary amorphous polymers, PC
and PMMA.
In this last installment of the thesis, the generality of the experimental and theoretical
methods introduced in Chapter 2 are examined. The methods are applied in three separate
studies, each one focusing on a different polymer-based composite material system and its
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neat counterpart. In all three cases, special attention is paid to the material behavior under
high rates of deformation.
Experimental Program
The experimental program applied in all three studies is the same as that which was de-
signed to investigate the rate-dependent behavior of PC and PMMA, as detailed in Chapter
2. Dynamic mechanical analysis and uniaxial compression testing techniques are used to-
gether in order to better understand the connections between molecular-level motions and
macroscopic mechanical behavior.
Dynamic Mechanical Thermal Analysis
Dynamic mechanical thermal analysis (DMTA) testing was performed on a TA Instruments
Q800 Dynamic Mechanical Analyzer. Rectangular specimens (approximately 20 mm x 3
mm x 1.6 mm) were loaded in the DMA with a tensile pre-load (0.01 N); displacement
control mode was used to oscillate about the pre-strain level such that total strain levels
never exceeded 0.1% at temperatures below Tg. Materials were first tested over the entire
temperature range of the DMA instrument - from -140'C to 180'C - at a frequency of 1 Hz.
The storage modulus and loss modulus were measured as a function of temperature, and the
corresponding loss tangent was calculated. The materials were then tested at frequencies
of 1 Hz, 10 Hz, and 100 Hz, over small ranges in temperature around identified material
transitions. The particular frequencies of these tests corresponded to strain rates over the
range 10- 3 s- 1 to 10-1 s- 1, depending on the exact specimen gage length and displacement
amplitude prescribed. Again, storage modulus and loss modulus information was recorded,
and corresponding loss tangent calculations were made.
Uniaxial Compression
In each study, uniaxial compression tests were conducted over a span of at least five decades
in strain rate, ranging from 3x 10- 4 s - 1 to 3000 s- 1 . Low to moderate rate testing (3x 10- 4
s- 1 to 3x 10- 1 s- 1) was conducted on a Zwick servo-hydraulic testing machine at constant
engineering strain rates. For lubrication, thin Teflon sheets were placed between the Zwick
platens and specimen surfaces, and WD-40 was used between the Teflon sheets and platens.
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All specimens were of right circular cylinder geometry, with a height-to-diameter ratio of
1:2 in order to be consistent with the geometry of the high rate specimens.
High strain rate testing (800 s- 1 to 3000 s- 1) was performed on a compressive split-
Hopkinson bar test apparatus designed in cooperation with and built by Physics Applica-
tions, Inc. of Dayton, Ohio. This apparatus employs solid aluminum pressure bars, both
with a length of approximately 2.3 meters and a diameter of 19.05 millimeters. Specimens
for split-Hopkinson bar testing were also of right circular cylinder geometry, with a diameter
of 5.0 millimeters and a length of 2.5 millimeters. All specimens were lubricated with a thin
layer of petroleum jelly on both faces, and little to no barrelling was ever observed.
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7.1 Polycarbonate and a Polycarbonate-POSS
Nanocomposite
7.1.1 Background
Over the past decade, advances in polymer chemistry have allowed for the introduction of
nano-scale particles into homopolymers, creating a new subclass of materials called polymer
nanocomposites (see, for instance, Vaia and Giannelis, 2001). The nano-scale particles have
at least one dimension that is on the same length scale (1-10 nm) as those chain segments
involved in secondary molecular motions. It may be expected, then, that the presence of
these particles will alter the accessibility of particular secondary chain motions for a given
polymer matrix. Consequently, the science associated with polymer nanocomposite mate-
rial systems represents a significant opportunity to tailor the rate-dependent mechanical
behavior of polymers for specific applications. By focusing attention on the interactions
between the nano-scale particles and secondary molecular motions in particular, it may
be possible to design new lightweight, polymer-based material systems with exceptional
high-rate behavior and impact-resistant capabilities.
For the case of POSS-based polymer nanocomposites, most of the research has involved
investigations into synthesis techniques, structure-property relationships, and mechanical
behavior enhancements in thermosetting resins which have been augmented with POSS
particles; this line of work is summarized in the review articles of Li, Wang, Hanli, and
Pittman (2001) and Haddad, Tomczak, and Phillips (2004). In preliminary investigations,
the POSS particles have been shown to significantly change the mechanical properties of
amorphous thermoplastics, including polyurethane (Fu et al., 2001; Liu & Zheng, 2005),
PET (Yoon, Polk, Park, Min, & Schiraldi, 2005), and PS-PMMA blends (Zhang et al.,
2002). A more thorough testing program, covering the mechanical behavior of a variety of
PMMA-POSS composites over a wide range of strain rates, has recently been conducted
by Kopesky and co-workers (Kopesky, Haddad, Cohen, & McKinley, 2004; Kopesky, 2005).
Depending on the tethered vs. untethered/blended nature of the POSS in the PMMA and
the corresponding state of POSS dispersion, they found the POSS to act either as a plasti-
cizer or as a traditional filler. In particular, the plasticizer effect is a strong indicator of the
ability of POSS to locally interact with and alter molecular mobility of the polymer chains.
Capaldi and co-workers (Capaldi, 2005; Capaldi, Rutledge, & Boyce, 2005) have used atom-
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istic simulations to study the interactions between POSS particles and polyethylene (PE)
chains in untethered blends. In the Capaldi PE-POSS system, the POSS was found to
alter polymer structure and dynamics in a directional manner in a boundary layer regime
around the POSS particle. Clearly, nanoscopic particles such as POSS provide a potential
avenue to manipulate the polymer structure, dynamics, and end macroscopic properties.
Despite the ongoing efforts to understand the changes in mechanical behavior induced by
POSS particles, no constitutive model for this class of polymer nanocomposite has yet been
suggested.
In this study, we investigate the rate-dependent mechanical properties of one particular
POSS-based polymer nanocomposite and its homopolymer counterpart. The experimental
and analytical methods described in Chapter 2 are used to help understand how the POSS
nano-particles - introduced in very small amounts - affect both the primary (a) and sec-
ondary (0) molecular mobilities of the matrix polymer. The results summarized here are
also presented in detail in Mulliken and Boyce (2006b).
7.1.2 Materials
The matrix polymer for this study was chosen as Lexan@ 9034 polycarbonate (PC), dis-
tributed by GE Polymershapes.' PC is an optically-transparent amorphous polymer which
is glassy at room temperature. It is used extensively in applications where it is intended
to resist impact, including eyeglasses, visors, and vehicle headlights. This particular PC -
Lexan 9034 - includes additives which make it especially impact-resistant.
The nano-scale particles used in this study belong to a family of organic-inorganic hy-
brid molecules known as Polyhedral Oligomeric Silsesquioxanes (POSS). POSS molecules
feature an inorganic cage-like structure made of silicon and oxygen atoms, with differ-
ent unreactive and/or functional organic groups connected to the corner silicon atoms. The
TriSilanolPhenyl-POSS@ used in this study (figure 7-1) has phenyl rings connected to seven
of the cage corners, making it compatible with the PC chains. The eighth corner has no sil-
icon atom, leaving three Si-OH (silanol) groups exposed for increased interactions between
the POSS molecules and the PC chains. The largest dimension of the TriSilanolPhenyl-
POSS molecule is approximately 2-3 nanometers.
1This is the same brand of PC used in the experiments of Chapter 2. However, the thermal history prior
to mechanical testing was slightly different, and thus the experimental results - both DMA and compression
- are expected to be slightly different.
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R = phenyl
Figure 7-1: TriSilanolPhenyl-POSS: C42H380 12Si 7 (www.hybridplastics.com)
The polymer nanocomposite was formed by mechanically mixing pellets of Lexan 9034
with TriSilanolPhenyl-POSS powder in a DACA co-rotating twin screw microextruder at
a mass ratio of 95:5. The extruded material was pelletized and then dried in a vacuum
oven at 600 C for 8-12 hours. Finally, the dried pellets were compression molded into 50
millimeter disks and machined into both rectangular and cylindrical specimens for DMTA
and compression testing.2 . The control specimens (pure Lexan 9034 PC) were machined
directly from sheet stock. Although the nanocomposite and control specimens did not have
the same processing history, they were annealed together at approximately 50C above Tg
and then oven cooled, so that they would have the same relevant thermal history at the
time of mechanical testing.
7.1.3 Experimental Results and Discussion
Key DMTA results on the neat PC and PC-POSS nanocomposite are summarized in figures
7-2 and 7-3. The temperature-dependent storage modulus curve (figure 7-2) has the same
character for both material systems. Traversing from high to low temperature, the storage
modulus increases by three orders of magnitude at approximately 1600 C as the material
passes through its glass transition; at approximately -150 C, there is a significant upturn
in the curve, corresponding to the onset of restrictions on the 0-motions. The two curves
2When blended with a polymer, POSS can tend to aggregate and/or crystallize into larger-scale particles.
The dispersed vs. aggregated nature of the POSS within the polymer strongly influences the properties of
the nanocomposite. In this study, the clarity of the PC-POSS nanocomposites indicate that the POSS
particles were well dispersed.
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Figure 7-2: PC and PC-POSS nanocomposite storage modulus as a function of temperature
at 1 Hz (average strain rate of _10 - 3 s- 1).
are in quantitative agreement at temperatures above -15"C; the storage moduli are seen to
overlap, and the glass transition temperatures are nearly identical. Below -15"C - in the
region where the f-motions are restricted - the neat polymer exhibits a significantly greater
stiffness than does the nanocomposite, indicating that the POSS interaction with the PC
chains somewhat alleviates the restriction of the f-motions.
The rate-dependent shift of the p-transition in these two materials was explored by
changing the frequency of the DMA load program, as reported in figure 7-3. By tracing
the temperature location of the peak in the loss tangent (tan 6) curves with increasing
frequency, the f-transition was found to shift approximately 15"C per decade increase in
strain rate, for both the neat polymer and the nanocomposite. However, at every frequency,
the temperature location of the f-transition was found to be consistently 4-5 degrees higher
in the case of the polymer nanocomposite. Limited data on the a-transition revealed similar
behavior: while the actual temperature location of Tg differed by a couple degrees between
the two material systems, the rate dependent shift was the same (- 4"C per decade increase
in strain rate).
By applying the DMTA analytical techniques introduced in Chapter 2, it is found that
the a-contribution to the overall modulus value is nearly identical in the two material sys-
tems, for all temperatures and strain rates. The f-contribution, on the other hand, is always
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Figure 7-3: PC and PC-POSS nanocomposite loss tangent in the region of the 3-transition;
1 Hz, 10 Hz, and 100 Hz.
less for the case of the polymer nanocomposite, and the difference increases with either in-
creasing strain rate or decreasing temperature. It is this decreased deformation resistance in
the ,-process of the nanocomposite which accounts for the low temperature discrepancy be-
tween the two storage modulus curves in figure 7-2. This decreased deformation resistance is
postulated to also manifest itself in the yield strength of the nanocomposite under high rate
conditions. Under low strain rate and moderate temperature conditions, the DMTA data
analysis suggests that both the polymer nanocomposite and its homopolymer counterpart
will exhibit the same mechanical response.
The results of all uniaxial compression testing on the PC-POSS nanocomposite are
summarized in figures 7-4 to 7-5. Figure 7-4 contains representative stress-strain curves for
the PC-POSS, at strain rates ranging from 10- 3 s- 1 to 2200 s- 1. As with neat PC (figure 2-
9), the flow stress of the nanocomposite is highly rate-dependent, while the general character
of the stress-strain curve remains the same over the entire range of strain rates tested. In
figure 7-5, the stress-strain behavior of the nanocomposite is compared directly with that
of the PC homopolymer. At 10- 3 s- 1, the stress-strain curves are nearly identical. If
mechanical characterization were limited to quasi-static testing, one may be led to believe
that the POSS particles had no effect upon the mechanics of this polymer. However, it is
clear from the high rate curves in figure 7-5 that the POSS does in fact alter the mechanics
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Figure 7-4: PC-POSS nanocomposite true stress-true strain behavior at four low, moderate,
and high strain rates. The reported high strain rate is an approximate average over the
course of the test.
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Figure 7-5: PC and PC-POSS nanocomposite true stress-true strain behavior at low (10- 3
s- 1) and high (-2400 s- 1) strain rates. Reported high strain rates are approximate averages
over the course of the tests.
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of PC. Under high rate compression, the PC-POSS yield stress and post-yield stress-strain
response is significantly lower than that of the neat PC.
The yield stress as a function of strain rate for the PC-POSS nanocomposite is pre-
sented in figure 7-6, in comparison with that of the neat PC. Both materials are observed
to transition between two distinct regimes of strain rate sensitivity, over the range of strain
rates tested. The data trend lines indicate that, in both cases, the transition is centered at
a strain rate of approximately 100 s- 1 . Assuming that these yield behavior transitions are
related to the / transitions in the viscoelastic behavior, this alignment was to be expected;
the 3 transitions in the two material systems were found to have equivalent shift factors.
The small differences in the temperature location of the transitions proved to be relatively
insignificant in comparison with the large temperature range over which the transitions
shifted under high-rate loading. At strain rates below the yield transition, the strengths
of the neat polymer and the nanocomposite are found to coincide quite well. Seemingly,
the mechanical behavior of PC in the quasi-static regime is unaffected by the inclusion of
POSS particles. However, at high strain rates, the yield strength of the nanocomposite is
approximately 10% less than that of the homopolymer. As predicted by DMTA analysis,
this reduced strength is a manifestation of the decreased deformation resistance in the /-
process. In general, a lower yield stress helps avert stress levels which may give premature
brittle failure, and thus provides for greater ductility and toughness. Therefore this ability
to selectively lower the yield stress under high rates of loading may increase the energy ab-
sorption of PC under impact conditions. Large strain tension and notched tension behavior
remain to be explored.
While the precise molecular-level mechanics which explain the macroscopic mechani-
cal behaviors can not be assessed from these results, the experimental data allows us to
speculate on their origins. The inclusion of the POSS particles in this particular material
system affects only the P-process, and the effect is to reduce the deformation resistance. We
suggest that the POSS locally interacts with the PC molecules to enhance the mobility of
the #-motions. The fact that the a-process is left unaffected at this level of POSS loading
(5 weight percent) suggests a very local effect in this case, as opposed to a more typical,
large-scale plasticizer effect observed with diluent molecules. The nature of this POSS
particle and its phenyl ring R-groups is such that it only very locally interacts with the
polymer chains. Thus the POSS does not create enough additional free volume to enhance
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the mobility of large chain segment rotations and/or translations. By these means, the
dispersed nanoparticles acted to target the f-process of PC alone, altering the macroscopic
mechanical behavior only within certain temperature and/or rate regimes.
7.1.4 Constitutive Modelling
As a final step in this study, the constitutive model described in Chapter 2 (section 2.5)
is extended to capture the behavior of the PC nanocomposite. Like the Ree-Eyring yield
model, this constitutive model makes no assumptions in regards to the specific molecular
interactions which control the thermally-activated processes of intermolecular deformation
resistance. Thus the framework is general enough that it may be applied to other material
systems, such as this polymer nanocomposite, which exhibit the same type of phenomeno-
logical behaviors as seen with amorphous homopolymers.
In this particular case, the constitutive model has already been shown to accurately
predict the rate-dependent finite-strain behavior of the neat homopolymer PC. Thorough
experimental and analytical investigation of the corresponding polymer nanocomposite has
revealed that the nano-scale particles only serve to reduce the deformation resistance in
the f-process, by measurable amounts. The general stress-strain behavior is identical to
the neat polymer at low and moderate strain rates, indicating that the strain softening
and entropic hardening phenomena are not significantly altered by the introduction of this
specific nano-scale particulate phase. Furthermore, the rate-dependent shifts of the a and
f transitions are unchanged, as is the a-process contribution to the rate- and temperature-
dependent elastic moduli. The only model parameters which are unique to the PC-POSS
are the f-component elastic moduli and the 0-process activation energy (AGO).
In figures 7-6 and 7-7, the constitutive model - with appropriate adjustments in the
material parameters - is shown to accurately capture the rate-dependent yield and stress-
strain behavior of the PC-POSS. Many of the model parameters common to the PC and PC-
POSS are the same as those given in Chapter 2, for the PC data of a different study. Table
7.1 details the model parameters for both materials. The rate- and temperature-dependent
elastic constants for the 3-process were derived from the sub-Ta storage modulus data in
figure 7-2, as well as the rate-dependent shift of the f-transition. The f-process activation
energies were calculated from the split-Hopkinson bar (high rate) yield data in figure 7-6.
In both material systems, the f-process activation energy (AGp) is significantly less than
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Figure 7-6: PC and PC-POSS nanocomposite true yield stress as a function of strain
rate (logarithmic scale); low to high strain rates, model and experiment. Each data point
represents the average of at least three tests. The model-predicted yield curves are developed
from discrete predictions spaced at semi-decade intervals.
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Figure 7-7: PC-POSS nanocomposite true stress-true strain behavior in uniaxial compres-
sion at low, moderate, and high strain rates: model prediction (dotted lines) and experiment
(solid lines).
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that of the a-process, due to the greater strain rate and temperature sensitivity observed
in both DMTA testing (sub-Ta) and compression testing (above 100 s-1). Further details
on the determination of model parameters can be found in the section "Model Parameters"
appended to Chapter 2.
Table 7.1: PC and PC-POSS model parameters
PC
DMA data
DMA data
1950 MPa
Y0,a
AGc,
AGp
4.26e10 s- 1
3.212e-19 J
4.00e8 s- 1
7.247e-20 J
0.168
0.245
h,,
Sss,a/SO,a
CR
PC-POSS
DMA data
DMA data
1950 MPa
4.26e10 s- 1
3.212e-19 J
4.00e8 s- 1
6.035e-20 J
0.168
0.245
300 MPa
0.54
2.3
14.2 MPa
300 MPa
0.54
2.3
14.2 MPa
7.1.5 Conclusion
A novel polymer nanocomposite has been developed by blending impact-resistant Lexan®
9034 PC with TriSilanolPhenyl-POSS @ , at a mass ratio of 95:5. In this particular material
system, the POSS was found to enhance the mobility of secondary (fi) molecular motions,
without affecting the large chain rotations and/or translations associated with the PC a-
process. This "local plasticization" effect reduces the overall deformation resistance of the
polymer at low temperatures and high strain rates. By lowering the stress levels under
these conditions, the POSS may suppress certain brittle failure modes and increase the
overall ductility of the polymer, thereby enhancing its energy absorption capabilities during
impact. Furthermore, the unique behaviors of this material system should help to guide
the design of other polymer nanocomposites for specific high-rate applications. It may be
possible to select a different nano-scale particle which restricts rather than enhances the
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mobility of secondary molecular motions in PC, while still not affecting the a-motions.
One could then construct a microscale composite of these versions of PC, i.e. the neat,
the ductility enhanced, and the strength enhanced, to provide an assembly with interactive
and complementary deformation and failure mechanisms. As a final step in this study, a
new multi-process thermoplastic constitutive model (Chapter 2) was extended to capture
the behavior of the PC-POSS. The accurate predictions given by this model validate the
assumption that the model framework is in fact transferable to polymer nanocomposite
material systems, for the case where the nano-particles are of order nanometer lengthscale
in all dimensions and are well-dispersed within the polymer. In the future, it will be possible
to use this model in optimizing the design of polymer nanocomposite components for impact
applications.
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7.2 Poly(vinyl chloride) and a Plasticized
Poly(vinyl chloride)
7.2.1 Background
Poly(vinyl chloride) (PVC) is an amorphous polymer which is used as a structural and/or
packaging material in many industries, with applications ranging from construction and
building supplies to medical devices to electronics packaging. For many of these engineer-
ing applications, the PVC is blended with a plasticizing agent such as dioctyl phthalate
(DOP). The plasticizing agent is intended to decrease the stiffness and yield stress of the
PVC, as well as enhance its ductility by suppressing brittle failure modes. PVC and its
plasticized variants, like most polymeric materials, are known to exhibit strong rate- and
temperature-dependent mechanical properties, including elastic modulus, yield strength,
and post-yield flow stress. Furthermore, the particular rate and temperature sensitivities
are known to change through different temperature and strain rate regimes, as various pri-
mary and secondary molecular mobilities are accessed. Like PC and PMMA, PVC exhibits
enhanced stiffness and strength under conditions of high strain rate and/or low tempera-
ture, a phenomenon which has been attributed to the restriction of certain small-scale ('3)
motions (Bauwens et al., 1969; Walley & Field, 1994). This rate-dependent behavior is
further complicated by the adiabatic nature of high-rate plastic deformation, coupled with
the strong temperature sensitivity of the material.
This study represents just a portion of a larger investigation into the mechanical behavior
of a variety of PVC variants, led by S. Soong and advisor R.E Cohen (Department of
Chemical Engineering). This work was conducted in collaboration with S. Soong; related
publications include Soong, Cohen, Boyce, and Mulliken (2006) and Mulliken, Soong, Boyce,
and Cohen (2006).
7.2.2 Materials
The poly(vinyl chloride) (PVC) used in this study was custom-made by Scientific Polymer
Products, Inc. (Ontario, NY) with an approximate molecular weight of 90,000 grams per
mole. Neat PVC and 20wt% dioctyl phthalate (DOP, Sigma-Aldrich) in PVC were prepared
for this study. After the targeted percentage of DOP was mixed into PVC powders, the
mixture was melt-blended in a lab scale extruder (DACA Instruments). Both materials con-
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tained 3wt% of thermal stabilizer (Thermolite 890S, Atofina) to minimize degradation. In
order to prepare the specimens for both DMTA and compression testing, extruded polymer
strands were first pelletized and then compression molded into 50 millimeter disks. These
disks were then machined to the specified geometries: rectangular specimens 20 mm x 3
mm x 1.6 mm for DMTA testing; cylindrical specimens of diameter 5 mm and height 2.5
mm for compression testing.
7.2.3 Experimental Results and Discussion
The results of all DMTA tests are summarized in figures 7-8 and 7-9 and table 7.2. Both the
storage modulus (figure 7-8) and loss modulus (figure 7-9) curves for the two materials are
markedly different at all temperatures, -120 0C to 1200C. The PVC homopolymer exhibits
two distinct viscoelastic transitions, a and P. As the PVC storage modulus is traced with
decreasing temperature, there is a sharp jump from 5 MPa to nearly 2.5 GPa through the
material a (glass) transition. There is a corresponding narrow and intense peak in the loss
modulus curve, centered at approximately 760C. For the ,-transition, the change in storage
modulus is much more gradual, from 3.0 GPa at -150C to 4.2 GPa at -900 C. Furthermore,
the broad ,-peak in the loss modulus curve, centered at -560C, describes an event which is
much more distributed in nature than the primary transition. In PVC, a polymer whose
molecular chains have no side groups, the /-transition is generally attributed to restricted
rotations of small main-chain segments (Pezzin, Ajroldi, & Garbuglio, 1967).
For the case of the 20wt% diluent compound, only one transition is observed over the
range of temperatures accessed by the DMA. As noted by Soong et al. (2006), and observed
earlier by other researchers (see, for instance, Vilics, Schneider, Manoviciu, Manoviciu,
1996), the 3-motions are heavily suppressed in this blend, as compared to the PVC ho-
mopolymer, and the ,-peak in the loss modulus has become unrecognizable. Furthermore,
the plasticization has reduced the temperature location of the glass transition so much that
the material can no longer be considered glassy at room temperature. The now-broad glass
transition begins at approximately -20 0 C and extends to 400C (in the neat PVC, the glass
transition occurs over a range of only 15'C). At temperatures above 400 C, the compound
exhibits fully rubbery behavior. The addition of dioctyl phthalate has induced an increase
in free volume around the PVC molecules such that the primary chain motions are able
to occur with significantly less stress-assistance. Even in the glassy state, the PVC-DOP
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Figure 7-8: PVC and DOP-plasticized
at 1 Hz (-5x10- 3 s- 1).
350
300
250
200
o
0
-100
PVC storage modulus as a function of temperature
-50 0 50
Temperature [oC]
Figure 7-9: PVC and DOP-plasticized PVC loss modulus
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Figure 7-10: PVC-DOP predicted storage modulus as a function of temperature at 0.0001
s- 1 and 1000 s- 1. The vertical dotted line represents room temperature.
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Figure 7-11: PVC predicted storage modulus as a function of temperature at 0.0001 s- 1
and 1000 s- 1 . The vertical dotted line represents room temperature.
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compound exhibits less resistance to elastic deformation at all temperatures.
The temperature locations of the viscoelastic transitions are known to shift to higher
temperatures with increasing strain rate. By testing the material at higher frequencies (10
Hz, 100 Hz) in the DMA, the strain rate experienced by the sample is increased. Since the
PVC 3-transition has a much lower activation energy than the a-transition, its associated
peak shifts faster than the a-peak. In neat PVC, the loss modulus 3-peak shifted at a
rate of approximately 17.50 C per decade increase in strain rate, over the range 1 Hz to
100 Hz, whereas the a-peak only shifted 30 C per decade increase in strain rate. The single
distributed peak observed in the PVC-DOP compound shifted at rate of approximately 40 C
per decade increase in strain rate. The exact temperature locations of the various peaks at
different frequencies are given in table 7.2.
Table 7.2: Frequency-dependent temperature locations of PVC and PVC-DOP viscoelastic
transitions.
PVC PVC-DOP
1 Hz 100 Hz 1 Hz 100 Hz
a: 760 C 820C 22 0 C 30 0C
3: -56 0C -21 0 C N/A N/A
Following the analytical techniques described in Chapter 2, these rate-dependent shifts
may be used in conjunction with the storage modulus "reference curves" (figure 7-8) to
predict the storage modulus at strain rates well beyond those accessed by the DMA instru-
ment. For the PVC-DOP compound, these predictions are especially elucidating. Figure
7-10 shows the predicted storage modulus curves of PVC-DOP at both 0.0001 s- 1 and 1000
s- 1. For a strain rate of 0.0001 s- 1, the modulus value at room temperature is approxi-
mately 250 MPa; when the strain rate increases to 1000 s- 1, the transition is predicted to
shift through room temperature such that the modulus value is almost an order of magni-
tude higher (2000 MPa). For neat PVC (figure 7-11), the material is already in the glassy
regime at 0.0001 s- 1 and the modulus at room temperature is 2500 MPa. For a strain rate
of 1000 s- 1, the /-transition shifts through room temperature and the modulus is predicted
to increase to 3500 MPa.
The results of uniaxial compression tests on both the neat PVC and the PVC-20wt%
DOP blended compound are summarized in figures 7-12, 7-13, and 7-14. In all compression
tests, the deformation was homogenous; little to no barrelling was ever observed, and no
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Figure 7-12: PVC true stress-true strain behavior in uniaxial compression at low, moderate,
and high (engineering) strain rates. Reported high-rate strain rates are averages over the
duration of the test.
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Figure 7-13: DOP-plasticized PVC true stress-true strain behavior in uniaxial compression
at low, moderate, and high (engineering) strain rates. Reported high-rate strain rates are
averages over the duration of the test.
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Figure 7-14: PVC and DOP-plasticized PVC true yield stress as a function of strain rate
(logarithmic scale).
cracks or other fracture events were seen. In the high-rate experiments, dynamic equilibrium
was achieved before yield in all tests due to the short specimen lengths.
The stress-strain curves for PVC (figure 7-12) exhibit glassy polymer response at all
strain rates: initial elasticity transitioning into non-linear elasticity and global yield, fol-
lowed by strain softening, and finally strain hardening. The rate-dependence is clear, as
both the global yield stress and plastic flow stress increase monotonically with increasing
strain rate. At 0.03 s- 1, the thermodynamic condition is transitioning between isothermal
and adiabatic, and thus thermal softening contributes to the stress-strain behavior such that
the apparent hardening is less than that observed at 0.003 s- 1 . In the high rate curves,
the thermodynamic condition is fully adiabatic, and the strain hardening of the material is
masked by thermal softening. The PVC-20wt% DOP blend (figure 7-13) does not exhibit
a glassy stress-strain response at all strain rates. Following the DMTA data and associated
analytical predictions, rubber-like deformation behavior was expected and observed in low
and moderate rate testing (0.0003 s- 1 - 0.03 s- 1). In the case of the high rate compression
tests, the a-transition shifted to a higher temperature, above room temperature, and glassy
polymer behavior was observed. The glassy stress-strain response of the PVC-DOP com-
pound, however, is still different in character from the stress-strain response of the PVC
homopolymer, as the inclusion of dioctyl phthalate has changed both the strain softening
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and hardening attributes of the material, in addition to the general rate-dependence.
The yield data obtained from compression tests on PVC and PVC-20wt% DOP is sum-
marized in figure 7-14. For neat PVC, the yield stress increases linearly with the logarithm
of strain rate in both the low-rate and high-rate regimes. However, in the high-rate regime
the rate sensitivity is much greater. The transition location, at approximately 10 s- 1, is
consistent with that predicted by the rate-dependent shifting of the viscoelastic ,-transition.
In may be concluded, then, that the observed bi-linear character of the rate-dependent yield
curve of PVC is a manifestation of restricted secondary (P) molecular mobilities under high-
rate conditions. Once these motions are restricted, an additional contribution to the overall
material deformation resistance arises in both the elasticity and yield. The rate-dependent
yield data for the PVC-DOP blend also shows two distinct regimes of rate sensitivity. How-
ever, in this case, the transition in the rate-dependent yield behavior is governed by a shift
of the a-transition rather than the shift of a secondary transition.
7.2.4 Constitutive Modelling
Using the experimental data of this study, predictive capabilities have been established
within the framework of the constitutive model introduced by Mulliken and Boyce (Chap-
ter 2). This model was devised specifically for capturing the rate-dependent mechanical
behavior of two exemplary amorphous polymers, PC and PMMA, which both exhibit an
enhanced stiffness and strength under conditions of moderate and high strain rate related
to restricted "P" molecular motions. Here, the model is extended to another amorphous
homopolymer, PVC, whose high-rate mechanical response is also thought to be partially
dictated by restricted secondary molecular mobilities. In fact, the temperature location,
distributed nature, and rate-dependent shifting of the PVC viscoelastic transitions are very
similar to those observed in PC. In a second case, the model is extended to a plasticized
variant of PVC, a material which exhibits rubbery behavior at low and moderate strain
rates and glassy behavior at high strain rates. For the PVC-DOP compound, the transi-
tion in the rate-dependent mechanical behavior is controlled by a shift of the primary (a)
transition.
In fitting the constitutive model to the PVC data, two elastic-viscoplastic molecular
processes - a and 3 - are considered, as was the case for PC and PMMA. The unique
definitions of rate- and temperature-dependent elasticity in these two processes were de-
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Figure 7-15: PVC true stress-true strain behavior in uniaxial compression at low, moderate,
and high strain rates: model prediction (dotted lines) and experiment (solid lines).
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Figure 7-16: DOP-plasticized PVC true stress-true strain behavior in uniaxial compression
at low, moderate, and high strain rates: model prediction (dotted lines) and experiment
(solid lines).
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termined from a analytical decomposition of the storage modulus data, as described in
Chapter 2. Similarly, a component-wise split of the yield data is used to calculate the
activation parameters for the a and # component dashpots. Like PMMA, PVC exhibited
strong temperature dependence in DMTA tests, and also significant thermal softening at
moderate and high strain rates. Therefore, the model here considers also the heat evolved
under adiabatic deformation, in accordance with the methods detailed in Chapter 4. Under
adiabatic conditions, the dissipative work of the viscoplastic dashpots leads directly to a
temperature rise in the polymer. This resulting temperature rise alters the predicted me-
chanical behavior of the polymer, as calculated through the thermal-activation model of
yield together with the temperature-dependent elastic constants and shear resistance.
For the case of the PVC-DOP compound, a variant of the constitutive model introduced
in Chapter 2 is employed. This version of the model accounts for the rate and tempera-
ture dependence of just a single, lumped activated process which we call a. The model
parameters, also determined from the DMTA and yield data, are such that this a-process
provides negligible resistance at the lowest strain rates. Under these conditions, the only
contribution to the total material deformation resistance is the entropic hardening predicted
by the Langevin spring. This entropic hardening model alone has been used to successfully
capture the mechanical behavior of rubbery materials (Arruda & Boyce, 1993b). Under
high-rate conditions, the a-process is active (i.e. requires stress assistance), and again the
heat evolved through dissipative viscoplastic work is considered. The model parameters
used for both PVC and the DOP-plasticized PVC are given in table 7.3.
The PVC model predictions of stress-strain behavior are given in figure 7-15. At the
low rates (0.0003 s- 1 and 0.003 s- 1), where only the a-component requires stress-assisted
activation and the deformation is considered fully isothermal, the model predictions coin-
cide with the experimental curves. The model also predicts the dramatic increase in stress
associated with high-rate deformation, by accounting for the deformation resistance of re-
stricted p-motions. Without this consideration, the model would under-predict the yield
stress at 1750 s - 1 by almost 50 MPa. The model predicts the high-rate softening behavior
observed at large strains by considering deformation to be fully adiabatic. As shown in
figure 7-17, the temperature of the PVC is predicted by the model to increase by over 200C
for a true strain of 55%. In figure 7-16, the model is shown to also capture the rubbery-
to-glassy transition of the PVC-20wt% DOP blend stress-strain behavior over low to high
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Figure 7-17: PVC and PVC-DOP model-predicted temperature rise under high-rate defor-
mation. Model predictions correspond to the high-rate stress-strain curves in figures 7-15
(PVC) and 7-16 (PVC-DOP).
strain rates. Again, the low rate (0.003 s- 1) is taken to be isothermal, while the high rates
(850 s- 1 and 1550 s- 1) are assumed to be adiabatic. At all strain rates, the stress-strain
curve is well predicted by the model, including observed high-rate thermal softening.
7.2.5 Conclusion
The experimental and theoretical methods of Chapter 2 have been successfully extended to
two additional material systems: PVC (amorphous homopolymer) and a DOP-plasticized
PVC. Over a wide range of temperatures and strain rates, the neat PVC was found to exhibit
two significant material transitions, a and ,. The temperature location of the a-transition
is sufficiently far enough above room temperature such that PVC exhibits characteristic
glassy stress-strain behavior at all strain rates. Under conditions of high strain rate, the 3-
transition too shifts above room temperature as the associated molecular motions become
inhibited. Consequently, the PVC yield and flow stress is enhanced at high (>100 s- 1)
strain rates. This rate-dependent behavior is similar to that observed in PC and PMMA,
as described in Chapter 2.
With the addition of 20wt% DOP, the PVC f-transition was almost completed sup-
pressed, and only a single, broad transition is observed. This "a" transition begins well
below room temperature, such that the PVC-DOP compound exhibits rubbery stress-strain
245
.. .* PVC 1750 s- 1
- - - PVC-DOP 1550 s
/ -
- 1
JOl/ 01
J •' .. ...
Table 7.3: PVC and PVC-DOP model parameters.
PVC PVC-DOP
E, DMA data DMA data
Ep DMA data N/A
ro 2550 MPa 2300 MPa
Op, 1.0e19 s- 1  9.3e9 s
- 1
AG, 3.100e-19 J 1.261e-19 J
IPO 8.2e6 s- 1  N/A
AGp 9.191e-20 J N/A
a0 0.22 0.22
ap 0.22 0.22
ha 450 MPa 200 MPa
ss8e,/so,a 0.53 0.57
2.9 4.0
CR 13.0 MPa 10.5 MPa
cp 2200 J/kg-oC 2200 J/kg-oC
behavior at low and moderate strain rates. Under conditions of high strain rate, the primary
transition shifts through room temperature and the material exhibits glassy stress-strain
behavior. Such material response could be utilized in applications which require flexibility
under normal rates and temperatures, and rigidity under impact.
For both the PVC and DOP-plasticized PVC, the constitutive model described in Chap-
ter 2 was found to accurately predict stress-strain behavior at all strain rates. The model
predicts the enhanced rate sensitivity at high strain rates observed experimentally through
a shift of the /-transition in the case of neat PVC and a shift of the a-transition in the
case of the PVC-DOP compound. Furthermore, by considering the effects of dissipative
work under adiabatic conditions, following the techniques outlined in Chapter 4, the model
predicts the post-yield thermal softening seen at high strain rates.
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7.3 Polycarbonate and a Polycarbonate-Triptycene
Copolymer
7.3.1 Background
In sections 7.1 and 7.2, the rate-dependent mechanical behavior of two polymer-based com-
posite material systems were investigated, in comparison with the rate-dependent mechan-
ical behavior of their neat counterpart. In both cases, a secondary phase was introduced
into an amorphous polymer via mechanical blending. The polymer retained its chemical
identity, but its ability to access various primary and secondary molecular mobilities was al-
tered. In this study, the modifying particles are substituted into the main chain of the neat
polymer at measured intervals. This technique is expected to alter not only the polymer's
ability to access various molecular mobilities, but also perhaps alter the molecular motions
themselves. The work presented in this section has been conducted in collaboration with
N. Tsui and advisor E.L. Thomas (Department of Materials Science and Engineering).
The substituting particle used in this study is an aromatic hydrocarbon known as trip-
tycene. The triptycene (figure 7-18) has a rigid "paddlewheel" structure composed of three
benzene rings. When incorporated into a polymer chain, the triptycene is attached at mul-
tiple points to the neighboring chain segments and hence is limited in its rotational freedom.
Long and Swager have studied extensively the effects of introducing triptycene into liquid
crystal polymers (Long & Swager, 2001, 2002). In general, they found the triptycene to
minimize free volume in the polymer by encouraging additional orientation around the rigid,
three-dimensional triptycene frame. More recently, Tsui and co-workers (Tsui, Paraskos,
Torun, Swager, & Thomas, 2006) have substituted triptycene into polyester molecules and
measured the associated changes in mechanical behavior of the bulk polymer. For a 21wt%
triptycene content, the enhancement in mechanical properties was enormous: a three-fold
increase in both stiffness and strength, and a twenty-fold increase in strain to failure. In
this study, the triptycene is incorporated into the molecular chains of polycarbonate (PC),
which is already known to exhibit excellent mechanical properties. The commercial applica-
tions of PC are widespread, and any improvement on this material would garner significant
interest from a wide range of industries.
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Figure 7-18: Chemical structure and topography of triptycene unit.
Figure 7-19: Chemical structure of the PC-triptycene copolymer ("PC-Trip").
7.3.2 Materials
Table 7.4 lists the three PC variants that were used to prepare the materials characterized in
this study. PC1 is a high viscosity grade bisphenol-A polycarbonate supplied by Mitsubishi
Engineering Plastics under the commercial name Iupilon® E2000. PC2 and PC-Trip were
both supplied by Triton Systems, Inc. of Chelmsford, Massachusetts. PC2 is a low molecular
weight bisphenol-A polycarbonate that served as a baseline for PC-Trip, a polycarbonate-
triptycene copolymer. The chemical structure of the PC-Trip is given as figure 7-19. In this
copolymer, there is a 9:1 ratio of bisphenol-A PC monomers to triptycene monomers.
Table 7.4: Molecular weight characteristics of the three PC variants, as determined by gel
permeation chromatography.
M, [g/mol] M. [g/mol] PDI
PC1 31,700 82,400 2.6
PC2 14,900 30,000 2.0
PC-Trip 12,900 26,500 2.1
From these three PC variants, three different polymers were made for mechanical char-
acterization. The first polymer was pure PC1, commercial-grade PC. The second polymer
was prepared as a blend of PC1 (high molecular weight) and PC2 (low molecular weight),
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at a mass ratio of 3:1. The third polymer was prepared as a blend of PC1 with PC-Trip,
also at a mass ratio of 3:1, yielding overall an approximate 2.75wt% triptycene. The blends
were prepared by solvent mixing with a spinner in dichloromethane at room temperature
overnight. Solutions were allowed to evaporate in a fume hood for 2-3 days in Teflon dishes,
leaving behind highly crystallized thick films. These films were ground into a fine powder
and then stored in a vacuum oven, along with pellets of PC1, at 1200C overnight before melt
processing. For all three polymers, disks of approximately 50 millimeters in diameter and
3 millimeters in thickness were compression molded at 2650C. Finally, compression molded
disks were machined into specified geometries for DMTA and compression testing.
7.3.3 Experimental Results and Discussion
The dynamic mechanical testing of these three polymers is summarized in figures 7-20 and
7-21. In general, the character of the storage modulus curve (figure 7-20) is the same for
all three polymers. All three curves exhibit a high temperature (-1500) glass transition,
through which the storage modulus changes by three orders of magnitude, and also a low-
temperature secondary transition which gives a more gradual change in the storage modulus.
Both polymer 2 and polymer 3 show a decreased glass transition temperature relative to
that of the commercial-grade PC - this may be attributed to the low molecular weight
portion of the blends, as the effect is the same in both polymers. It is unusual to note
that, despite the decreased glass transition temperature and the presence of a large amount
(25 weight percent) of low molecular weight PC, both polymer 2 and polymer 3 show an
enhanced stiffness at most temperatures, relative to the commercial grade PC (polymer
1). At all temperatures above -75 0 C, polymer 2 has a modulus which is 5-10% higher
than the commercial grade polymer's modulus, while the modulus of polymer 3 is 15-20%
higher. The increase in stiffness from polymer 2 to polymer 3 may be attributed to the
presence of triptycene, which acts as a steric hindrance to large-scale chain motions by
inducing an increase in physical entanglements. The increase in stiffness from polymer 1
to polymer 2 remains unclear. Based on the storage modulus data alone, the analytical
methods introduced in Chapter 2 suggest that, for all strain rates, the yield strength of
polymer 2 will be slightly higher than that of polymer 1, and the yield strength of polymer
3 will be still higher than that of polymer 2.
The loss modulus curves for the three polymers are given in figure 7-21. The a-peak
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is found to be slightly broader and decreased in temperature for polymers 2 and 3, with
respect to polymer 1 (commercial grade). The presence of triptycene in polymer 3 does not
appear to change the intensity, distributed nature, or temperature location of this a-peak,
though the changes in the secondary (3) transition are pronounced. For the case of polymer
2, the f-peak is nearly identical to that of polymer 1 (commercial grade), save for a shoulder
which has appeared on the high-temperature side. This is obviously induced by the presence
of a significant amount of lower molecular weight PC, though again the exact mechanism
is unclear. It is possible that low molecular weight PC has a f-transition which is located
at a higher temperature, as the molecular chains are able to pack more tightly together;
when combined at a mass ratio of 1:3 with high molecular weight PC, the P-transitions of
the two constituent materials can both be observed. With the addition of triptycene, two
distinct peaks of equal intensity are observed in the place of the original, broad 3 peak of
the commercial PC. One of these peaks is at approximately the same temperature location
as the shoulder peak observed in polymer 2, while the other is located at a temperature
lower than the tradition T3 of PC. This dramatic change in the secondary transition of PC,
induced by the substitution of triptycene along the PC backbone, provides further evidence
that the PC f-transition is governed by the rotational freedom of main chain segments (Jho
& Yee, 1991; Xiao & Yee, 1992; Floudas et al., 1993).
Due to the limited amount of material available for testing, it was not possible to fully
characterize the rate-dependent shifts of the secondary transitions observed in the three
polymers. It is expected that the dominant 3-peak in both polymer 1 (commercial PC) and
polymer 2 (blend of molecular weights) shifts at approximately the same rate for the two
materials. However, the rate-dependent shift of the two secondary peaks exhibited by the
third polymer - PC with triptycene - is of the greatest interest. Preliminary testing indi-
cated that the two peaks shift at approximately the same rate, though more corroborating
data is needed.
The results of uniaxial compression testing on the commercial PC and the two PC blends
are summarized in figures 7-22 to 7-24. Figure 7-22 provides a comparison of the materials'
stress-strain response at a low strain rate (0.001 s-l1), while figure 7-23 provides the same
for a high strain rate (2000 s-l). In both cases, the initial stiffness and yield strength of
polymer 2 is greater than that of polymer 1, while the stiffness and yield stress of polymer 3
(with triptycene) is greater still. This observed behavior follows exactly the trend predicted
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PC and the two PC blends. Each data point represents the average of at least three tests.
by DMTA analysis. At both strain rates, the advantage of the polymer with triptycene is
lost by a strain level of approximately 50% (true strain); at strains higher than 50%, the
stress in polymer 3 is equal to or less than that measured in polymer 2. Consequently, over
very large deformation the energy absorption characteristics of the polymer with triptycene
would be the same as those of the molecular weight blend. The benefit of the triptycene is
most pronounced at initial yield, as detailed in figure 7-24. At all strain rates measured,
the yield strength of the polymer blend with triptycene is at least 6% higher than the yield
strength of the baseline blend, and at least 12% higher than the yield strength of commercial
grade PC. Further testing is needed to determine if there is any loss in ductility associated
with the substitution of triptycene into the PC chains. This could be accomplished with
large strain tensile testing, by comparing the strain to failure of polymer 2 (blend without
triptycene) and polymer 3 (blend with triptycene).
7.3.4 Conclusion
A series of experiments has been conducted on commercial PC and two PC blends, follow-
ing the experimental protocol described in Chapter 2 of this thesis. The study was focused
specifically upon the changes in the rate-dependent mechanical behavior brought about by
the substitution of triptycene along the PC main chain. Through DMTA techniques, the
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presence of triptycene at very low loading (2.75wt%) was found to enhance the stiffness of
the PC at all temperatures. Similarly, the triptycene enhanced the yield strength of the
PC by at least 6% at all strain rates. While the exact mechanism(s) of these enhancements
are unclear, loss modulus data revealed that the PC 3-transition was significantly altered
by the inclusion of triptycene, creating two distinct low-temperature loss peaks where there
had only been one before. A more thorough experimental program, including DMTA and
compression experiments on a series of polymer homologues with a smooth gradient in
triptycene content is needed to understand better the molecular mechanics of this mate-
rial system. With additional material, this DMTA data will be collected for a variety of
frequencies, in order to better understand also the molecular dynamics of these material
systems. Additional experiments are also needed to determine whether or not the ductility
of PC remains with the substitution of triptycene along the main chain. Nevertheless, with
enhanced stiffness and strength at all strain rates, this material offers significant potential
to replace traditional PC in impact applications.
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Summary
Through the short studies of this chapter, the experimental protocol, analytical techniques,
and constitutive model framework introduced in Chapter 2 are shown to be sufficiently uni-
versal such that they may be extended to a wide variety of polymer-based material systems.
In every case, new insight was garnered into the rate-dependent mechanical behavior of the
materials of interest.
In the first study, a small amount of POSS particles (5wt%) was found to enhance
the mobility of 0-motions in PC, significantly reducing the resistance to high-rate and low-
temperature deformation only. As for the case of PC and PMMA homopolymer, viscoelastic
data was correlated with large-strain compression data through novel analytical techniques.
The constitutive model was able to capture the stress-strain response of the PC-POSS
nanocomposite by accounting for decreased deformation resistance in the f-process.
In the second study, plasticization effects in PVC were observed. The introduction of
20wt% DOP significantly reduced the glass transition temperature of the PVC, as well as
the stiffness and strength measured at all temperatures and strain rates. Furthermore, the
PVC f-transition was completely suppressed, the a-peak was broadened, and the char-
acteristic glassy stress-strain behavior was altered. The constitutive model was shown to
capture the rubbery to glassy transition in the DOP-plasticized PVC stress-strain behavior
by considering the rate-dependent shifting of a just a single activated process.
In the final study, we observed the changes in the mechanical behavior of PC induced
by a substitution of triptycene every tenth monomer unit into the PC macromolecules.
The presence of triptycene served to increase both the stiffness and strength of PC by
measurable amounts, for nearly all temperatures and strain rates tested. The triptycene
also significantly altered the character of the PC f-transition, providing further evidence
that the associated motion is cooperative and intramolecular in nature. Again, a strong
correlation was found between DMTA data and uniaxial compression data.
As a whole, the methods introduced in Chapter 2 and utilized again here provide a
toolkit for polymer scientists and structural engineers alike. The experimental protocol and
associated analytical techniques shall allow for efficient design and evaluation of polymer-
based material systems for applications in targeted rate and/or temperature regimes. The
constitutive model, completed by the treatment of thermal expansion (Chapter 3), adiabatic
255
heating (Chapter 4), and pressure dependency (Chapter 5), may be implemented numeri-
cally and used in finite element simulations to optimize the design of polymeric engineering
components. The tools have been designed specifically for high-rate applications, but have
sufficient generality such that they may be applied more broadly, as is the case here.
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Chapter 8
Concluding Remarks
This thesis has been motivated by a desire to better understand and predict the mechanical
behavior of amorphous polymers, generally in their glassy state, under high (impact) rates
of deformation. The knowledge developed here is to be used in the material selection and
design of engineering components which are intended to resist impact, spanning a wide
range of civilian and military applications.
At the outset, significant research in the field of polymer mechanics had already been
conducted, with studies relevant to the current work dating as far back as fifty years ago. In
Chapter 1, these relevant studies are thoroughly reviewed, serving as both a backdrop and a
foundation for the original research described in ensuing chapters. In particular, research in
the areas of macroscopic mechanical testing of polymers at high strain rates, mathematical
modelling of the rate-dependent yield and stress-strain behavior of amorphous polymers,
and experimental and theoretical molecular dynamics are discussed in detail. In Chapter
2 of this thesis, generally representing work presented in a preceding thesis (Mulliken,
2004) by the author, historical techniques, results, and theories are woven together and
built upon in order to deliver a more complete and comprehensive picture of the rate-
dependent mechanical behavior of amorphous polymers. In later chapters, a constitutive
model proposed in Chapter 2 is revised and appended to more accurately account for various
complexities in the material behavior, including: thermal expansion, adiabatic heating,
pressure effects, and small-strain time-dependent creep and stress relaxation. In the final
content chapter, the experimental protocols and theoretical interpretations introduced in
Chapter 2 are extended to the study of a variety of polymer composite material systems.
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8.1 Summary of Accomplishments
Foremost in the list of accomplishments for this thesis work is the development of a large
body of experimental data. This data is relevant to the rate-dependent thermomechanical
behavior of amorphous polymers in general, but is focused upon the behavior of two exem-
plary amorphous polymers in particular: polycarbonate (PC) and poly(methyl methacry-
late) (PMMA). PC and PMMA rate-dependent behavior was first probed through dynamic
mechanical thermal analysis (DMTA) techniques, covering small strain viscoelastic response
over a wide range of both temperatures (-1400 C to 1600C) and frequencies (1 Hz to 100
Hz). Later, large strain inelastic behavior was investigated via uniaxial compression exper-
iments. These compression tests employed both a servo-hydraulic machine, covering low
and moderate strain rates (10-6 s- 1 to 1 s-l), as well as a split-Hopkinson pressure bar
apparatus covering high strain rate behavior (500 s- 1 to 5000 s-l 1). In conjunction with the
high rate compression test, an experimental set-up and corresponding test methods were
established to accurately measure the specimen surface temperature rise during deformation
by infrared radiation detection. This measurement was successfully obtained for both PC
and poly(vinyl chloride) (PVC) under high-rate (>1000 s- 1) compression. Finally, experi-
ments were devised in order to investigate the orientation dependence of the coefficient of
thermal expansion (CTE) of PMMA. The experimental results of this thesis may be found
in Chapters 2, 3, and 4.
In conjunction with the DMTA experiments, new analytical techniques were proposed
and tested against the data for homopolymer PC and PMMA. The techniques are based
upon the same postulate as that which underlies the Ree-Eyring yield model (Ree & Eyring,
1955; Bauwens et al., 1969): total deformation resistance may be decomposed into the
contributions from multiple thermally-activated processes (a, 0, etc.), each of which is as-
sociated with a distinct molecular motion. The analytical methods proposed here allow
for predictions of the temperature-dependent elastic modulus at rates (frequencies) well
beyond those accessible in the laboratory. Furthermore, these methods allow one to pre-
dict at what rate and temperature conditions certain small-scale ("P") molecular motions
will become restricted, significantly altering the macroscopic mechanical response of the
polymer. Through these techniques, transitions in the rate-dependent yield behavior were
successfully predicted from DMTA data alone, for both PC and PMMA. Chapter 2 provides
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a detailed explanation of these analytical methods.
The thesis also provides a framework for a fully three-dimensional constitutive model
to predict the large strain mechanical behavior of amorphous polymers. This model con-
siders rate-dependence (10-6 s- 1 to 104 s- 1), temperature-dependence (-1400 C to Tg), and
pressure-dependence (0 to 500 MPa) in the mechanical behavior. Furthermore, the model
has capability to predict isotropic thermal expansion, as well as heating under adiabatic
conditions. Issues related to the application and numerical implementation of the model
are addressed in the thesis. In finite element simulations, the constitutive model is shown to
capture PC and PMMA uniaxial stress-strain behavior under both isothermal and adiabatic
conditions, PC temperature rise under adiabatic conditions, and PMMA post-deformation
thermal expansion and recovery (all measured experimentally in this same thesis). The
model is first introduced in Chapter 2, and revised and appended throughout chapters 3
through 6.
Finally, as presented in Chapter 7, the experimental protocols, DMTA analytical tech-
niques, and constitutive model framework are successfully extended to a variety of polymer
composite material systems, including: a PC-POSS® nanocomposite, a plasticized PVC,
and a PC-Triptycene co-polymer. The experimental methods revealed rate-dependent phe-
nomena in the mechanical behavior consistent with those observed in PC and PMMA, the
DMTA analysis successfully predicted the rate/temperature location of transitions in the
yield behavior, and the constitutive model was able to capture stress-strain behavior over
a wide range of strain rates. This success proves the generality of the methods proposed in
the thesis, and also lends validation to the accompanying theory and interpretations.
8.2 Future Work
This thesis work has generally been motivated by a desire to understand better the high-
rate mechanical behavior of amorphous polymers. Through a series of experiments and
analysis, it was discovered that, for many amorphous polymers, behavior in this regime is
at least partially dictated by restrictions on small-scale secondary ("f") molecular motions.
In the analytical and theoretical methods introduced in this thesis, it was assumed that
these f-motions are sufficiently distinct and independent of the large-scale a-motions such
that their relative contribution to the macroscopic mechanical behavior may be de-coupled.
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Furthermore, both the strain softening phenomena and the pressure-dependence are mod-
elled as features of the a-process alone; that is, they are assumed to be not influenced by
the mobility (or lack thereof) of the fl-motions. In both cases, this approach is merely a first
approximation. Further research is needed in order to determine the role of the f-motions
in both the macroscopic pressure dependence of the polymer as well as the strain softening
phenomena. There is significant evidence to suggest that the strain softening in particular
is strongly influenced by the accessibility of small-scale molecular motions.
In all of the material systems investigated, only the mobility of the a and # motions
is considered. However, the model framework may be generalized to material systems
with three or more thermally-activated processes of intermolecular deformation resistance.
Additional processes may be significant even in these same material systems (e.g. PC,
PMMA) when larger ranges of temperature or strain rate are considered. For instance, when
examining material behavior under blast loading, where strain rates may be many decades
higher in magnitude than those observed under ballistic impact, it is possible that additional
molecular motions (6, 7, etc.) are restricted. To predict behavior under blast loading, an
experimental program must be devised to probe molecular dynamics and/or macroscopic
mechanical behavior at either much higher strain rates or equivalent low temperatures.
The constitutive model described in this thesis has been designed especially for predict-
ing polymer mechanical behavior under high strain rates. However, before it may be fully
utilized in finite element simulations of structural impact, it is finally necessary to incorpo-
rate material failure considerations. Amorphous polymers are known to fail through both
brittle and ductile modes, depending on the environment and loading conditions as well as
the specific polymer chemistry. It is expected that the accessibility of the p-motions will
also influence local failure modes, though little research has thus far been devoted to the
topic.
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Appendix A
Direct Comparison of the
Richeton-Ahzi and Mulliken-Boyce
Models
The intent of this Appendix is to provide a direct comparison of the cooperative yield model,
as formulated by Richeton, Ahzi, and co-workers (Richeton et al., 2005a, 2005b, 2006), with
the two-process model of Mulliken and Boyce (2006a) summarized in Chapter 2 of this thesis.
While the Mulliken-Boyce model is a fully three-dimensional constitutive model capable of
predicting stress-strain behavior up to large strains, here we consider only the viscoplasticity
definition and its predictions of yield strength. Recent publications have demonstrated the
ability of both models to accurately predict the rate- and temperature-dependent yield
behavior of various amorphous polymers important in engineering applications, including
PC and PMMA. While these two models give similar predictions, the supporting theoretical
foundations and specific mathematical formulations are unique.
In Chapter 1, the theory behind various forms of the cooperative model is described
in detail. In short, this model assumes that plastic flow will occur in solid polymers only
when n identical chain segments simultaneously transition from one energy state to another,
via stress-assisted activation. Thus the yielding process requires the cooperative motion of
polymer segments. In the Richeton-Ahzi formulation, the past thermal history of polymer is
also considered through an internal stress, which provides additional resistance to yielding
(Richeton et al., 2005b).
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The Mulliken-Boyce model, on the other hand, assumes that there are multiple rate-
activated processes involved with yield, and that each of these processes is associated with
a unique molecular motion of specific length scale. The theory never assumes that the
molecular motions of these processes are not cooperative, only that they are distinct and
that they are restricted under unique rate, temperature, and pressure conditions. More on
the theoretical foundations of this model is given in Chapters 1 and 2.
In the following sections, mathematical details will be given for both models, so as to
allow a more direct comparison. As stated before, only the viscoplasticity definition of
the Mulliken-Boyce model is considered; this portion of the constitutive model is directly
analogous to the cooperative yield model of Richeton and Ahzi. Furthermore, the pressure
dependence and behavior close to Tg are left out of both models, for simplicity.
A.1 Richeton-Ahzi Cooperative Model Summary
In the Richeton-Ahzi formulation of the cooperative model, the rate of plastic straining is
given by:
= * sinhn ( (A.1)
where a* = Oapplied - ai is the effective stress driving viscoplastic flow, and where the
characteristic strain rate ý* and internal stress ai are given by:
* = o exp (-kT (A.2)
ai(T) = ai(O) - mT (A.3)
Note that equations A.2 and A.3 are only valid for T < Tg; alternate expressions, described
in section ??, are provided for T > Tg.
Combining equations A.1-A.3 and setting 'applied = Uy, the cooperative yield model
(Richeton et al., 2005a) is given as:
ay = 'i(O) - mT + sinh-1 (A.4)
(- `11H16 ) ..
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Cooperative Model Parameters (6)
n number of segments moving cooperatively
V activation volume [m3 ]
0o pre-exponential strain rate (frequency factor) [s- 1]
AHp f-process activation energy [J/mol]
ai(O) athermal internal stress [Pa]
m unspecified material parameter [Pa/K]
Cooperative Model Variables (3)
ay polymer yield strength [Pa]
E axial strain rate [s-l]
T absolute temperature [K]
A.2 Mulliken-Boyce Model Summary
Considering the two-process formulation of the Mulliken-Boyce model (Chapter 2), there
are two relevant plastic strain rate equations: one for the a-process (equation A.5) and one
for the f-process (equation A.6). As described in Chapter 2, we consider both the forward
and reverse progress of the f-process; in the a-process, the reverse progress is assumed to
be negligible.
a = %o,a exp kT 1 - (A.5)
(_ kT kTT' = op exp kT sinh kT (A.6)
In the constitutive model, the above equations fully define the behavior of the viscoplas-
tic dashpots. In order to develop a yield model from these equations, we first assume uniaxial
deformation, making a change of stress and strain rate variables (T - o'/v, 1 -+ A ),
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and re-arrange to give expressions for stress in the individual processes:
O = a-Sc T + In (A.7)
ap = sinh-1 e' (A.8)
/o,p exp k-
Finally, these equations are applied at the point of yield, where ic = •p = o (global), and
the respective contributions of the a and 3 processes are summed to give an expression for
the total polymer yield stress:
kAiT Vn Aky:expTS= vs, + In + sinh - 1  (A.9)
Note that in the full Mulliken-Boyce constitutive model, there will also be a stress con-
tribution from network orientation (the Langevin spring). However, at yield the polymer
chain network has only evolved slightly from its initial random configuration, and the mag-
nitude of this contribution is less than 2 MPa. For the purposes of this discussion, we shall
disregard this contribution.
Mulliken-Boyce Model Parameters (6)
o,a op pre-exponential shear strain rates (frequency factors) [s-1]
AGa AGLG activation energies [J/molecule]
sa(T,i) sp(T,e) internal shear resistances [Pa]
Mulliken-Boyce Model Variables (3)
Oay polymer yield strength [Pa]
axial strain rate [s- 1]
T absolute temperature [K]
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Appendix B
Chapter 4 Supplement:
Temperature-Dependent Yield
In the constitutive model described in Chapter 2, and later modified in Chapter 4 to capture
the effects of adiabatic heating, temperature-dependent mechanical behavior is considered
through the thermal activation model of yield, the temperature-dependent shear resistances
(s. and sp), and the temperature-dependent elastic constants. However, due to a lack of
relevant temperature-dependent experimental data, the model parameters for both PC and
PMMA have thus far only been optimized to accurately capture rate-dependence. As shown
in Chapter 2, the model does an excellent job of predicting the experimental data for the
rate-dependent yield behavior of both PC and PMMA. In this section, a supplement to
Chapter 4, these parameters are evaluated in terms of their ability to also predict temper-
ature-dependent yield behavior reported in the literature.
Using the parameters listed in table 2.2, the model is first evaluated for the case of PC
(figure B-1). Here, the model-predicted temperature-dependent yield behavior is compared
against experimental data taken from the doctoral thesis of E.M. Arruda (1992). Over a
wide range of temperatures, extending from room temperature to 120 0C (approximately
25'C below Tg), the model predictions are in excellent agreement with the experiments.
Temperature-dependent yield data was never used to calibrate the model parameters; this
behavior is captured simply by calculating the viscoplastic model parameters (AG and j'g)
from rate-dependent yield data and using an analytical split of the temperature-dependent
storage modulus curve to determine the relative shear resistances in the a and 3 pro-
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cesses. This agreement confirms that the model parameters are properly calibrated for
temperature-dependent effects in the thermal activation model of yield, at least over the
range of temperatures investigated here. Discrepancy between model and experiment in
regards to the stress-strain behavior under high (adiabatic) rates, then, must be attributed
to a change in intrinsic softening behavior, as suggested in section 4.3.2.
For the case of PMMA (figure B-2, the model parameters listed in table 2.2 clearly do
not allow for accurate predictions of temperature-dependent behavior. The model severely
under-predicts the temperature sensitivity of yield, such that the discrepancy between model
and experiment increases monotonically with increasing temperature. At room tempera-
ture, the model correctly predicts the yield strength; at 500C, the model is off by 20%; at
75 0 C, the model is off by almost 100%. This shortcoming of the PMMA model parameters
has important ramifications in the prediction of thermal softening behavior. Under high-
rate compression, PMMA is expected to heat 50-70'C with 50% strain. As the thermal
activation model of yield is obviously not properly calibrated for temperature-dependent
effects, the associated changes in softening/flow behavior will not be captured. If the model
parameters were properly calibrated for temperature-dependence, then significantly more
thermal softening would be predicted. This correction would likely close the gap between
the model predictions and experimental measurements of stress-strain behavior under adi-
abatic conditions (figure 4-25). Nonetheless, more experimental data is required in order to
properly optimize the PMMA parameters for temperature dependence. The data given in
figure B-2 only provides information in regards to temperature dependence in the a-process,
and even then the data set is less than comprehensive.
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Figure B-1: PC true yield strength as function of temperature at 0.001 s- 1, Mulliken-Boyce
model (Chapter 2 parameters) and experiment. Experimental data from Arruda (1992).
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Figure B-2: PMMA true yield strength as function of temperature at 0.001 s- 1, Mulliken-
Boyce model (Chapter 2 parameters) and experiment. Experimental data from Arruda
(1992).
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Appendix C
Chapter 6 Supplement:
Viscoelastic Model Predictions
A series of simulations have been conducted in order to verify and examine the implemen-
tation of linear viscoelasticity in the constitutive model, as described in Chapter 6 (section
6.4). The viscoelastic formulation is proposed as an alternative to the rate-dependent elas-
ticity presented in Chapter 2. This alternate formulation is suggested as a more accurate
physical description of the material behavior, especially in the small-strain regime, and also
as a means to smooth out numerical difficulties associated with fluctuating wave speeds.
Here, the predictions of the viscoelastic model formulation described in section 6.4 are com-
pared against the predictions of the original model formulation given in Chapter 2. Note
that only the definition of elasticity differs in these two models; viscoplasticity and entropic
hardening are left unchanged in the revised (viscoelasticity) formulation.
Creep Response
The model is first tested in its ability to predict creep at room temperature. The simulated
load history consists of two steps: 1) load in uniaxial compression to an axial stress of 20
MPa over a time period of two seconds 2) hold at constant stress (20 MPa) for one hour
(3600 seconds). The model-predicted strain response is given in figure C-1. First, it is
noted that the initial strain value differs slightly between the two model formulations; this
is attributed to the fact that there is a difference in the value of the modulus, as both
are loaded to 20 MPa. For the original model formulation ("rate-dependent elasticity"),
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Figure C-1: PC simulated creep response: original constitutive model with rate-dependent
elasticity formulation vs. modified constitutive model with viscoelasticity formulation.
the strain output remains constant at its initial value - no creep is predicted. Even the
viscoelastic model predicts a negligible amount of creep over this time period when the
parameters given in Chapter 6 are used (i.e. qa=1.05x 1013 Pa-s). However, it is expected
that either an elevated temperature or a longer time period would lead to a prediction of
creep. To prove this notion, the same simulation is run with a lower value of viscosity in the
a-process. This change in viscosity - an order of magnitude decrease - serves to exaggerate
the viscoelastic effects of the alternate model formulation. As shown in figure C-1, the lower
viscosity in the a-process linear dashpot yields a prediction of creep which is significant in
magnitude. The predicted creep response is generally linear.
Stress Relaxation
The model formulation is next tested in its ability to predict stress relaxation at room
temperature. The imposed strain history again consists of two steps: 1) deform in uniaxial
compression to a true strain of 1% over a time period of two seconds 2) hold at constant
strain (1%) for one hour (3600 seconds). The model-predicted axial stress response is given
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Figure C-2: PC simulated stress relaxation: original constitutive model with rate-dependent
elasticity formulation vs. modified constitutive model with viscoelasticity formulation.
in figure C-2. Initially, the two different models predict a slightly different stress level; as in
the initial strain response predicted in the creep simulations, this discrepancy is attributed
to the fact that the two models use a different initial value of elastic modulus. In the simu-
lation using the original model, no change in stress is observed beyond the initial loading -
stress relaxation is not captured. The viscoelastic model formulation, on the hand, shows
a significant change in stress over this time period even with the higher value of viscosity.
When the viscosity is decreased in the a-process to exaggerate the viscoelastic effects, the
stress relaxation is observed to be exponential in character. This predicted exponential de-
cay is consistent with the time-dependent changes in elastic modulus predicted analytically
(equation 6.56), and is also expected to be observed in the case with the higher viscosity,
given a longer time period.
Post-Yield Stress Relaxation
The revised model is finally examined in its prediction of post-yield stress relaxation. That
is, what behavior does the viscoelastic component predict when the non-linear viscoplastic
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Rate-dependent elasticity
- - - Viscoelasticity; a= 1.05e 13 Pa-s
dashpot is activated also? The imposed strain history here is similar to that in the previous
simulation, except that this time the material is initially strained to just over 40% true
strain - well beyond yield - at a constant true strain rate of 0.001 s- 1. As before, the
strain is then held constant. The relative time periods of these two phases of the simulation
are given in figure C-3, a diagram of the strain load program. The model-predicted stress
response is given in figure C-4, alongside the response predicted by the original constitutive
model.
During the loading phase (0 to 410s), both models predict characteristic stress-strain
response to uniaxial deformation. The curves are slightly different, for two reasons. First,
the initial modulus predicted by the two models differs by approximately 20%. In the
original formulation, this modulus is determined by the calculated strain rate (0.001 s-l);
in the revised viscoelastic formulation, the modulus always has the same value (2 GPa) at
very short times. Secondly, the model with a viscoelastic formulation is shown to predict
slight stress relaxation even during the loading phase. There is sufficient time for the
modulus to appreciably decrease as the linear dashpot opens and relieves some of the stress
on the linear spring. In the original model, the modulus does not change over the course of
the loading phase because the strain rate remains constant. By the end of the loading phase,
the viscoelastic model predicts a stress which is 1-2 MPa lower than that predicted by the
original model formulation for the same amount of strain. This effect would be magnified
if the simulated strain rate were lower, but would be negligible at high strain rates.
Once the loading is halted and strain is held constant, the stress level predicted by
the original model drops slightly. This is due to the fact that there is no appreciable
strain rate, and the modulus - now calculated from a nominal strain rate of 0.0001 s- 1 -
instantaneously decreases. Thereafter, the predicted stress remains constant. The alternate
model formulation, on the other hand, predicts a more realistic continued decrease in stress
with time. This decrease again appears to be exponential, but in this case quickly saturates
due perhaps to the large value of viscosity. In a laboratory experiment, this stress would
continue to decrease with time as elastic strain was relieved.
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Figure C-3: PC post-yield stress-relaxation simulation: strain load program.
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Figure C-4: PC post yield stress-relaxation simulation: predicted stress response, original
constitutive model with rate-dependent elasticity vs. modified constitutive model with
viscoelasticity formulation.
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Summary
The model revisions proposed in Chapter 6, in which the original definition of rate-dependent
elasticity is replaced with a linear elastic formulation, are shown here to capture important
phenomenological features of the small-strain, long-time behavior of amorphous polymers.
In particular, the model is shown to successfully predict both creep and stress relaxation
effects in the elastic regime, whereas the original constitutive model formulation can do
neither. The viscoelastic model formulation is also shown to predict slightly different be-
havior in a simulation which extends through yield, though these differences are unlikely to
appear during simulations of high-rate impact events, due to the very short loading times.
In general, it may be expected that these revisions will in fact help to smooth numeri-
cal difficulties associated with fluctuating wave speeds (as predicted by the original model
formulation), without appreciably changing quantitative predictions of deformation and/or
stress states. Furthermore, the revisions allow for a more physically realistic description of
material behavior in the elastic regime, if such behavior is of interest.
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